arXiv:1504.04572v2 [hep-th] 24Jul2015 


Integrable light-cone lattice discretizations from the 

universal R-matrix 

C. Meneghelli^^ J. Teschner^^ 

July 27, 2015 


Simons Center for Geometry and Physies, 

Stony Brook University, Stony Brook, NY 11794-3636, USA 

DESY Theory, Notkestr. 85, 22607 Hamburg, Germany. 

Abstract 

Our goal is to develop a more general scheme for constructing integrable lattice regulari- 
sations of integrable quantum field theories. Considering the affine Toda theories as examples, 
we show how to construct such lattice regularisations using the representation theory of quan¬ 
tum affine algebras. This requires us to clarify in particular the relations between the light- 
cone approach to integrable lattice models and the representation theory of quantum affine 
algebras. Both are found to be related in a very natural way, suggesting a general scheme 
for the construction of generalised Baxter Q-operators. One of the main difficulties we need 
to deal with is coming from the infinite-dimensionality of the relevant families of represen¬ 
tations. It is handled by means of suitable renormalisation prescriptions defining what may 
be called the modular double of quantum affine algebras. This framework allows us to give a 
representation-theoretic proof of finite-difference equations generalising the Baxter equation. 
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Introduction and conclusions 


1.1 Motivation and background 

Integrable quantum field theories offer a unique theoretieal laboratory for the exploration of 
several non-perturbative phenomena in quantum field theory. Having full quantitative eontrol 
about the speetrum or even expeetation values in a quantum field theory paves the way towards 
detailed investigations of non-perturbative effeets like the existenee of dual Lagrangian deserip- 
tions in different regions of the parameter spaee. 

However, up to now there are only a few examples where this has been realised. Many two- 
dimensional quantum field theories of interest are eonjeetured to be integrable, but this has 
rarely been fully demonstrated. Exaet results have been proposed on some of these quantum 
field theories, but in most oases we do not know how to derive these results from first prinoi- 
ples. It would be desirable to have a more systematio framework for oonstruoting and solving 
integrable quantum field theories. 

Exploiting integrability in a quantum field theoretieal oontext is not easy. One of the main 
problems is to regularise the UV-divergenoies in suoh a way that integrability is preserved. If 
this is possible, one may indeed hope that the enhanoed eontrol provided by integrability ean 
lead to a preeise understanding of the dependenee of physieal quantities on the eut-off, and 
how to remove it in the end. Eattiee regularisations have been used to reaeh this goal with 
some sueeess. Prominent examples are the massive Thirring / Sine-Gordon models for whieh 
some exaet results have been obtained by using the XXZ or the XYZ spin ehains as a lattiee 
regularisation. 

Up to now there does not seem to exist a systematie proeedure for eonstrueting integrable lattiee 
regularisations for a given Eagrangian field theory. A proposal in this direetion was made 
in HRiTlI . This proposal was inspired by the well-known relations between integrable lattiee 
models and the representation theory of quantum groups. Possible hopes that relations of this 
type may hold even in a quantum field theoretieal eontext are supported in partieular by the 
works IBaEZ31 IBaHKII where beautiful relations between the integrable strueture of eonformal 
field theory and quantum group representation theory were found. Starting from a Eagrangian 
deseription of the field theory of interest it was proposed in HRiTB to 

• identify the relevant quantum group using the algebra of interaetion terms in the light-eone 
formulation of the dynamies, 

• and eonstruet the main ingredients of integrable lattiee regularisations like Eax-matriees 
and R-matriees from the representation theory of this quantum group. 
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The feasibility of sueh a program was illustrated by eonstructing integrable lattice regularisa- 
tions of some Lagrangian field theories on the kinematical level. Taking into account the form 
of the Lax matrices expressing integrability on the classical level leads to almost unique answers 
for R- and Lax-matrices defining the integrable lattice regularisation quantum-mechanically. A 
more general approach to identifying the quantum algebraic structures behind integrable per¬ 
turbations of conformal field theories was proposed in PBuRl . 

Our goal in this paper is to illustrate how the crucial next steps in this program can be performed: 
the definition of an integrable time-evolution and the construction of Baxter Q-operators. 

1.2 Approach 

To reach our goals we will use the light-cone approach to integrable lattice models introduced 
in [|FaV92L and further developed in IBaBRl , see in particular jBaSlSIl for recent developments 
of this approach. It has been pointed out in HRiTII that this approach is particularly well-suited 
for using quantum group representation theory to construct integrable lattice regularisations of 
more general Lagrangian field theories. A new feature introduced in llRiTll is the possibility 
to have a natural relation between light-cone directions and Borel sub-algebras of the relevant 
quantum groups. Previous versions of the light-cone lattice formalism used a slightly different 
formulation in which this is not manifes|i[ This feature is important for the further development 
of the formalism as it leads in particular to a very natural relation between the lattice time- 
evolution operators and the universal R-matrix. 

For simplicity we will focus on the affine Toda theories where the relevant quantum groups are 
the quantum affine algebras but we expect the resulting scheme to be of much wider 

applicability. The integrable field theories related to quantum affine super-algebras discussed in 
llRiTH . for example, should be within reach. 

For the cases of our interest we will explain how to construct time-evolution and Baxter Q- 
operators from the universal R-matrix of the relevant quantum groups. Our main tool will be 
the product formula for the universal R-matrix found in [|KhT92|| . The main difficulties in 
constructing time-evolution and Baxter Q-operators from the universal R-matrix are due to the 
fact that we need to evaluate the R-matrix in infinite-dimensional representations. This feature 
appears to be inevitable if one wants to have tailor-made lattice discretisations of field theories 
having non-compact target space. The product formula represents the R-matrix as an infinite 
product over factors which are infinite sums over powers of the generators of the quantum affine 
algebra. It is therefore not obvious how to produce well-defined operators from the product 
formula for the universal R-matrix if the representations of interest are infinite-dimensional. 

'See Remark[T]in Section [3.2.1l for a comparison 
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Our approach to handle the resulting diffieulties is based on two main elements: 


• We will observe that the representations needed to get light-eone Lax matriees and evolu¬ 
tion operators from the universal R-matrix have a remarkable property: The infinite prod¬ 
uets resulting from the produet formulae for the universal R-matrix truneate automatieally 
to finite produets. The use of the light-eone lattiee approaeh therefore allows us to solve 
one of the two problems eoming from the infinite-dimensionality of the relevant represen¬ 
tations. 

• The infinite-dimensional representations that we need for our goals have the useful feature 
that the generators of the quantum affine algebras are represented by positive self-adjoint 
operators. This feature will allow us to replaee the infinite sums over powers of the genera¬ 
tors appearing in the produet formula by well-defined operator-funetions. We will demon¬ 
strate that this replaeement preserves the validity of all relevant relations satisfied by the 
universal R-matrix in the representations of our interest. 


Our ehoiee of representations is motivated by the faet that the positive self-adjoint operators 
representing the quantum group generators eorrespond to positive quantities in the affine Toda 
theories. 


1.3 Conclusions 

The main eonelusions we’d like to draw from our results are the following: Combining the 
light-eone lattiee approaeh with the representation theory of quantum affine algebras gives 
us a systematie way to eonstruet integrable lattiee diseretisations of the affine Toda theories. 
Non-eompaetness of the spaee in whieh the fields take values motivates us to eonsider infinite¬ 
dimensional representations of the relevant quantum affine algebras. However, we only need 
to eonsider the simplest nontrivial representations of this type. Infinite-dimensionality ean be 
handled by expressing the main objeets (time evolution- and Q-operators) in terms of the non- 
eompaet quantum dilogarithm funetion. One thereby gets a natural renormalisation of the for¬ 
mal expressions obtained from the universal R-matrix, leading to fairly simple explieit formulae 
for the time evolution- and Q-operators. The relevant properties (eommutativity, funetional re¬ 
lations) all boil down to known properties of the non-eompaet quantum dilogarithm. Verifying 
this in some detail aeeounts for a fair amount of the work that went into this paper, but onee this 
is understood in these eases it should be possible to generalise our approaeh to wider elasses of 
theories without exeessive efforts. 
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1.4 Summary of main results 


As our paper is quite long, we will now offer more detailed overviews over the main results. 

As indieated above, one of our main goals is to elarify the relation between the universal R- 
matrix of Uq{siM) and the Baxter Q-operators from whieh the evolution operators are reeovered 
by speeialising the speetral parameter. It will be obtained by a variant of the seheme proposed 
in [|BaLZ3ll . The neeessary modifieations are two-fold. The plaee of the infinite-dimensional 
representations of the Borel sub-algebras Uq{h^) of Uq{s{M) of q-oscillator type employed in 
[|BaLZ3l in auxiliary space will be taken by representations which are neither of highest nor 
lowest weight type. This appears to be inevitable in order to get operators with favourable 
analytic properties. In quantum space we will use representations of that can be rep¬ 

resented as tensor products of the same type of representations as used in auxiliary space. The 
tensor products display a staggered structure reflecting a factorisation of the monodromy matrix 
into factors associated to light-like segments. 

Our main results include a derivation of generalised Baxter T-Q-relations. The Baxter equations 
are found to follow from the reducibility of certain tensor products of representation at partic¬ 
ular values of their parameters, in this respect resembling previous derivations of functional 
equations for transfer matrices from the representation theory of quantum affine algebras given 
in [|BaLZ3i lAFII . Two features of our derivation appear to be new. Our derivation on the one 
hand uses an interesting finite-dimensional representation constructed from fermionic oscilla¬ 
tors. This allows us to leads to simplify algebraic aspects of the derivation. We furthermore 
need to handle the additional issues originating from the fact that our representations do not 
have extremal weight vectors. 


We furthermore find fairly simple explicit formulae for the kernels representing the Baxter Q- 
operators. The formulae are simplest when a variant of the quantum affine algebra is 

used for the construction of integrable lattice models that differs from the standard one by a 
Drinfeld twist. The resulting expressions resemble the formulae found in HBaKMSi IDJMMI 
for the transfer-matrices of generalised Chiral Potts Models. Having explicit formulae for the 
kernels of the Q-operators should allow us to determine the analytic properties of these operators 
by generalising the results of [ |ByTl| . Our results thereby lay the foundations for future analytic 
studies of the spectrum of the affine Toda field theories. 


1.5 Mathematical aspects 

As indicated above, one of our main tasks is to give a sense to the formal expressions ob¬ 
tained by evaluating the product formula for the universal R-matrix in the infinite-dimensional 
representations of our interest. These representations are in some respects similar to the repre- 
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sentations of q-oscillator type employed in iBaLZSirBaHKH . The terminology pre-fundamental 
representations was introdueed in IIHJl for a family of representations of the Borel sub-algebras 
of quantum affine algebras generalising the representations of q-oseillator type eonsidered in 
BBaLZSi IBaHKI . As opposed to HBaLZSi BaHKi !HJI we will here be interested in represen¬ 
tations of the q-oseillator algebra that have no extremal weight. This being understood we 
will adopt the terminology ’’pre-fundamental” for the simple representations of the Borel sub¬ 
algebras that will be used as building bloeks for the elass of representations of our interest. 

What will allow us to regain mathematieal eontrol in the absenee of extremal weights is the faet 
that the generators are represented in terms of positive self-adjoint operators. This implies that 
our representations behave in some respeets similar to the representations of the modular double 
of Uq{s[ 2 ) introdueed in [|PT99[|Fa99]| . The terminology modular double refers to the faet that 
these representations are simultaneously representations of the algebra obtained by replaeing the 
deformation parameter q = by the parameter q = . Taking tensor produets of pre¬ 

fundamental representations will generate various other representations ineluding evaluation 
representations of modular double type. 

We will observe that the speeial features of pre-fundamental representations of modular dou¬ 
ble type allow us to define a eanonieal renormalisation of the formal expressions obtained by 
evaluating the universal R-matrix in sueh representations. The infinite produets representing 
the universal R-matrix get automatieally truneated to a finite produet when evaluated on pre¬ 
fundamental representations. Most of the remaining faetors are expressed in terms of the quan¬ 
tum exponential funetion. Replaeing this funetion by the non-eompaet quantum dilogarithm 
preserves the relevant algebraie properties and produees expressions that are well-defined in 
representations of modular-double type. The most delieate aspeet is to find renormalised ver¬ 
sions of the eontributions of the imaginary roots in the produet formula. This is erueial in 
partieular for giving representation-theoretie proofs of generalised Baxter equations. We will 
show that there is an essentially eanonieal renormalisation for these eontributions as well. In 
order to see this, it will be neeessary to study some aspeets of the behaviour of the produet 
formula under the aetion of the eo-produet that do not seem to be diseussed in the literature. 

1.6 Relations to previous work 

The affine Toda theories have been extensively studied already. A lot is known about the affine 
Toda theories in infinite volume ineluding faetorised S-matriees [IAFZ[^CDS[|CMniCM2ll and 
form-faetors lICTTl lALfl This ean be used to prediet the ground-state energy in the finite 
volume via the thermodynamie Bethe ansatz fIFrKSH . 

^To keep the length of the list of references within reasonable bounds we only quote literature studying affine 
Toda theories of higher rank (M > 2) which are the main objects of interest in our paper. 
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The full finite-volume speetrum is not easily accessible in this way, motivating the use of lattice 
regularisations. Lattice Lax-matrices and an integrable lattice dynamics have been proposed in 
UKaRI ■ A Lie-theoretic framework for constructing discrete versions of the Toda flow on the 
classical level was presented in iHKKRI . 

The connection to the quantum affine algebra lAq{5iM) implies relations to spin chains of XXZ- 
type on the algebraic level. Operators that are similar to the Q-operators constructed in our 
paper have been introduced in the study of generalised chiral Potts model in llBaKMSl DJMMI . 
The Q-operators to be studied in our paper may be seen as non-compact analogs of those from 
IIBaKMSilDJMMl . 


1.7 Perspectives 


It should be possible to generalise the approach described in this paper to the models related to 
quantum affine super-algebras studied in HRiTI . A product formula for the universal R-matrices 
of these quantum groups is known We may furthermore note that the representations 
defined in HRiTB are of a similar type as the prefundamental representations studied in this 
paper. Renormalised versions of the universal R-matrix have been studied for representations 


of modular double type of the quantum super-algebra Wq(o5p(l|2)) in ppZ| . This work gives 
a first hint that the renormalisation of the universal R-matrices can be carried out for quantum 
affine super-algebras in a similar way as done in this paper. This gives us hope that evolution and 
Q-operators can be constructed for the lattice models defined in HRiTII by using a generalisation 
of the techniques developed here. 

We have found reasonably simple formulae for the kernel of the Baxter Q-operator which are 


natural generalisations of the formulae found in |ByTl |. This should allow us to deduce the an¬ 


alytic properties of the Q-operators by generalising the arguments from [ByTl |. The informa¬ 


tion on the analytic properties of the Baxter Q-operator defines the space of all solutions to the 
generalised Baxter equation which can correspond to eigenvalues of this operator. Baxter equa¬ 
tion and analytic properties represent the pieces of information that completely characterise the 
spectrum. It should be possible to translate this description of the spectrum into equivalent for¬ 
mulations described either in terms of non-linear integral equations or using partial differential 
equations, generalising the results known for the Sinh-Gordon model HZOOi [LuOOl ByTl ILuZL 

Our results finally suggest that the representation theory of quantum affine algebras may have 
a mathematically rich and interesting extension to certain categories of infinite-dimensional 


representations. In the finite-dimensional case it was observed in |ByT3| that the R-operator 
of the modular double of Uq{sl{2, M)) [|Fa99ll may be seen as a ’’more universal R-matrix” in 
the following sense. The representations of the modular double of V{q{sl{2, M)) considered in 
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llPT99[[Fa99l ByT31 have dual representation that are realised on certain spaces of distributions. 
The dual representations contain highest weight representations as sub-representations. It was 
verified in [ |ByT3| that the action of the R-matrix defined in ||Fa99ll on tensor products of the 
dual representations restricts to the action of the usual universal R-matrix on tensor products 
of highest weight representations. The R-operator of the modular double is therefore ’’more 
universal” than the universal R-matrix in the sense that it unifies the R-matrices defined on 
finite- and certain infinite-dimensional representations. It would be interesting to make this 
point of view more precise, and to extend it to the case of quantum affine algebras. 


1.8 Guide to the paper 

The paper is quite long. However, there are some important parts of our story that can be 
understood without having digested all of our paper. To help the reader finding the parts of 
most immediate interest we will here offer a brief overview over the sections. The introduction 
of each section contains a slightly more detailed description of its contents. 

Section 2 reviews some basic background on the classical theory and possible approaches to the 
quantisation of the affine Toda theories. 

The following Section 3 develops the light-cone lattice approach introduced in the pioneering 
papers [|FaV92l IFaV94l iBaBRj . In order to have manifest locality, we are working with a 
slightly redundant parameterisation of the degrees of freedom. A gauge symmetry is introduced 
allowing us to identify the physical degrees of freedom as gauge-invariant combinations of the 
basic variables. 

Section 4 offers a review of the basic background on quantum affine algebras together with a 
short summary of the available hints indicating that the integrability of the affine Toda theories 
can be understood using the representation theory of quantum affine algebras. 

Section 5 describes first steps towards the definition and calculation of Lax-matrices and R- 
operators based on the universal R-matrix of quantum affine algebras. The main tool for this 
purpose are the formulae representing the universal R-matrix as an infinite product going back 
to Khoroshkin and Tolstoy. We start explaining how to renormalise the formal expressions 
obtained by evaluating the product formula in the infinite-dimensional representations of our 
interest in the case of 

This analysis is generalised in the next Section 6 for the case ofUq{s\M)- We describe how to 
obtain the fundamental R-operators for the lattice affine Toda models from the representation 
theory of Uq{s\M)- Different types of explicit representations for the fundamental R-operators 
are derived. For a twisted version of the quantum affine algebras we find a particularly con¬ 
venient representation, leading to useful representations for the generalised Baxter Q-operators 
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constructed from the fundamental R-operators as integral operators. 


For the derivation of functional relations satisfied by the Q-operators like generalised Baxter 
equations it is crucial to analyse the contributions coming from the factors in the product for¬ 
mula involving imaginary root generators. Such an analysis is carried out in Section 7 for the 
case of of lAq{s\ 2 )- A uniform prescription is found for renormalising the contributions asso¬ 
ciated to imaginary roots for a large family of representations including the representations 
relevant for the lattice Sinh-Gordon model. We verify the consistency of this prescription with 
taking co-products, and use all this to give a derivation of the Baxter equation valid for the 
infinite-dimensional representations of our interest. 


The generalisation of this analysis to the case of Uq{s\M) is presented in Section 8. We begin 
by describing a fairly simple representation-theoretic proof of generalised Baxter equations 
which is valid provided the renormalisation prescription preserves the relevant properties of 
the R-operators under the co-product. The fact that it does is verified afterwards, studying 
the fairly intricate mixing between real and imaginary roots under the co-product. Our results 
also allow us to derive functional relations of quantum Wronskian type. Together with the 
analytic properties of the kernel of the Q-operators we have thereby obtained all the information 
necessary to study the spectrum of the lattice affine Toda theories generalising the case of the 
Sinh-Gordon model studied in |ByTl|. 


Various more technical details are deferred to appendices. Appendix [G] in particular contains 
a detailed comparison with previously known results on the Sinh-Gordon model and to the 
Faddeev-Volkov model. 
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2 Background 

Our main example in this paper will be the affine slM-Toda theories, which are classically de¬ 
fined in the Hamiltonian formalism by introducing field (j)i{x, t), canonical conjugate momenta 
nj(x, t) and Poisson brackets 


= 7r6ij6(x - x'), 
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(Mx,t), (j)j{x',t) } = 0 
{ Ili{x,t), Ilj{x',t) } = 0 . 


( 2 . 1 ) 



The dynamics is generated by the Hamiltonian 

H = (n^ + (40,)2) + . (2.2) 

The resulting equations of motion for ipi ■= (pi — 0i+i can be represented in the form 

{d^ - dl) ipi = -2Tibfx{2e^’’^^ - . (2.3) 

As the motion of ^{x, t) = J^fLi i) decouples, {d'p — 0^)0 = 0, it is possible to impose 
the condition that 0(x, t) =0. 


2.1 Classical integrability 


The starting point is a zero curvature representation of the classical dynamics, taken to be of the 
form 

[d^-A,{X),dt-A{X)] = 0. (2.4) 

We may here take ^^.(A) = A+(A) — A-(A), 4(A) = ^+(A) — ^-(A), where 


M 


A+(A) = 5^(-6(40,)E„ + me'('^»-'^«+i)E,,,+i) , 

i=l 

M 

A_{X) = 5^(+6(0_0,)E„-me'('^*-'^*+i)E,+i,,) , 


(2.5) 


2=1 


using the notations d± = |(4 ± dx)- The zero curvature condition (12.41) will reproduce the 
equation of motion (12.31) provided that m? = vr/ife^. 

Integrability of the classical dynamics is closely related to the existence of infinitely many 
conserved quantities which can be constructed from the monodromy matrix 


M(A) = Pexp ( / dx Ax{X) 


cR 


( 2 . 6 ) 


as the trace 


r(A) = Tr(M(A)). (2.7) 

The Poisson structure of the field theory implies Poisson bracket relations of the form 


{M(A)®M(/i)} = [r(A/4,M(A)0M(/i)], (2.8) 

with r(A) being a certain numerical matrix. These relations imply {T(A),T(/i)} = 0. As the 
Hamiltonian H appears in the asymptotic expansion of M(A) at infinity it follows that T(A) is 
conserved for all values of A G C. 
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2.2 Light-cone representation 


It is also possible to take the values of the basic field restricted to the light-like segments as 
Cauchy-data. Let us define the “saw-blade” contours Cn = U^=i where are the 

light-like segments 

+ u,t + u) : 0^m^A/2|, 

^ ^ ^ (A:=R/N). (2.9) 

Ck = {{kA + v,t + A — v) : A/2 ^ f ^ A} 


In the light-cone picture for the classical dynamics, one takes the values of the field cj) on the 
two light-like segments of Ci, 


(j)f{2u) = (j)i{u,u) and 0, (2t>) = ^-f u), (2.10) 

as initial values for the time-evolution from which (pi^xR) can be found for all x and t by 
solving the equations of motion. The dynamics may still be represented in the Hamiltonian 
form by using the Poisson structure 

{ (w), ^ *^0 sgn^(M -u'), { 0“(u), (pj{v') } = ^ Sij sguj^iv - v') (2.11) 

on the light-cone data cpf and (p~ defined on segments C/" and C^, respectively. The evolution 
of d+(p'^{x+) in the a;_-direction can now be represented in the Hamiltonian form as 


d_{d^(pt) = {H_, d^(pt } , 


( 2 . 12 ) 


where 


H_= II 


rR ^ 

i""" s 


,26(0+-<^+,) 


(2.13) 


A very similar equation of motion obtained by exchanging the roles of (pf and <p^ governs the 
evolution of d-(p~{x-) in the a;+-direction. 


Vanishing of the curvature of the Lax-connection allows us to deform the contour in definition 
of the monodromy matrix, leading to a representation of M(A) as an integral over light-like 
segments. The zero curvature condition (12.41) implies that 


M(A) = Pexp 


i-R 


dx Ax{x, t; A) 


V exp 



(2.14) 


for any contour C that can be deformed into Co = {{x,t) : 0 ^ x ^ R}, preserving the start and 
end points. This allows us to rewrite M(A) as 


M(A) = L],{X)L+{X) ■ ■ ■ L/(A)L+(A), (2.15) 
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where 


L'l{X) := V exp ^dx+A+{X)^ , Lj^^X) := V exp dx_A_{X)^. (2.16) 

When A ^ 0, N —)■ oo with R = NA finite one expeets to be able to approximate the fields 
by pieeewise eonstant values along C^. The representation (12.151) of M(A) suggests a natural 
lattiee discretisation resembling a staggered spin chain. 

2.3 Continuum approaches 

A very useful approach to the quantisation of such an integrable system is provided by the 
quantum inverse scattering method (QISM). A central object in this approach is the so-called 
quantum monodromy matrix M(A), the matrix formed from the operators that are obtained by 
quantising the matrix elements of the classical monodromy matrix M(A). If it is possible to 
construct a matrix Ad (A) out of the quantised degrees of freedom of the field theory of interest 
in such a way that the Poisson bracket relations (12.81) get quantised into quadratic commutation 
relations of the form 

R{X/fi) {M{X) 0 I) (1 0 Ad(/i)) = (1 0 Ad(/i)) (Ad(A) 0 I) R{X/p), (2.17) 

one would get the conserved quantities of the quantized field theory from 

T(A) = Tr(M(A)). (2.18) 

However, this dream is hard to realise in practise. In canonical quantisation it is by no means 
straightforward to construct an operator-valued matrix M(A) out of the quantised local fields 
that would satisfy nice quadratic relations of the form (12.171) . It is furthermore not clear which 
numerical matrices R{X) could appear in the relations (12.171) . Even though R{X) is severely 
restricted by the Yang-Baxter relation 

Ri 2{X/p) Ri 2,{X/v) R2z{li/v) = R2■i{,^J'/1^) Ri 2,{X/v) Ri 2{X/p), (2.19) 

following from the consistency of (12.171) with the associativity of operator products, one still 
has a large supply of possible choices for R{X) to consider. 

The situation appears to be slightly better in the light-cone representation. Following HBaLZdl 
let us note that the Poisson brackets (12.111) are those a massless free field. The quantization is 
therefore standard. Let us write the expansion of 4>f{x±) into Fourier modes in the form 

271- 

= q* + (2.20) 
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where 




± —2'iTinx±jR 


n<0 




di —27Tinx±lR 
i,n^ 


( 2 . 21 ) 


n>0 


The modes af „ (e = ±), and p* are required to satisfy the eanonieal eommutation relations 


1/ / -L 

[<l0 Pi] = 7^0’ ^i,n] ~ T ^ ^m+n,0 • 


( 2 . 22 ) 


Quantum analogs of the exponential functions are then constructed by normal ordering: 

. g 2 a,i.±(x±) . ^ [2ai(pf,.{x±)) e 2 «dq.+ 2 -Pix±/r?) ^^p (2ai0±>(x±)). (2.23) 

The quantum Hamiltonians H+ and H_ corresponding to H+ and i7_, respectively, will simi¬ 
larly be defined by normal ordering.The quantum equation of motion for an observable 0± built 
from c)±0^(a:±) can then be represented in the form 


M 




(2.24) 


2=1 


where the so-called screening charge operators Q ■ are defined as 


pR 

Ql= dxVtix), y^^{x) = : ^ e = ±. (2.25) 

Jo 

If the parameter h = i(3 is purely imaginary, it should be possible to define a natural candidate 
for the quantum monodromy matrix M(A) by following the approach of Bazhanov, Lukyanov 
and Zamolodchikov. For /9 in a certain range of values it would allow us to define quantum mon¬ 
odromy matrices associated to the segments of the saw-blade contour as series of ordered 
integrals over products of normal ordered exponentials of the free fields. 

Such an approach has not been developed in full detail yet. Even if it were, it could not easily 
be generalised to the case 6 G M of our main interest. The UV-problems are more delicate for 
6 G M, causing serious problems for the definition of the quantum monodromy matrices along 
the lines of nBaLZll[Ba:Z3llBaLZ41 . 

2.4 Lattice regularization 


12/ \ - 


Another method to treat these problems is the lattice discretization. The initial values (p^x) = 
n*(a:) = n*(a;, f)|i=o *-^6 fields at time t = 0 are replaced by variables 0^, 11^ 
defined on a one-dimensional lattice which has N sites labelled by the index n. The variables 
0^, may be thought of as averages of the initial values. 


^ JnA 


(n-l-l)A 


dx 0*(a:), 


“(n-l-l)A 


n* = — 

" dvr 


'riA 


dx n*(x). 
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(2.26) 




The quantization of these variables will yield operators whieh satisfy the eommutation relations 



(2.27) 


The space of states of the regularized model may therefore be identified with as 

A regularized version M 7 v(A) of the monodromy matrix M(A) may be constructed as a product 
of local Lax matrices 

-AdAf(A) = Cn{^)Cn-i{X) ■ ■ ■ £i(A) , (2.28) 

where the lattice Lax matrices £n(A) are to be constructed from the discretized variables 
( 93 ^, n)j). It will be shown that the matrices AdAr(A) can be constructed in such a way that 
they satisfy the algebra 


i?(A//x)(7W,v(A)0l)(l0 7W7v(/i)) = (I®7WAr(/i))(7W7v(A)(8)I)i?(A//x), (2.29) 


with coefficients i?(A//i) that are independent of N and A. If the continuum limit N ^ 00 of 
A4 m{X) exists in a suitable sense, the relations (12.291) will ensure that the monodromy matrix 
Ad (A) defined by that limit satisfies the crucial algebraic relations (12.171) . 


In the case of the Sinh-Gordon model corresponding to M = 2 it was shown in [ByTl, ByT31 
that the lattice discretisation leads to exact results for the energy spectrum. The excellent agree¬ 
ment with results from the thermodynamic Bethe ansatz and from the existing relations with 
Liouville theory [ByT3| indicates that the lattice approach is indeed suitable for the construc¬ 
tion and solution of the affine Toda theories. 


3 Integrable light-cone lattice models - algebraic framework 

The use of the lattice light-cone approach is inspired by previous works UFaRi lFaV92[ lFaV94[ 
IBaBRl IKaRI on the lattice light-cone discretisation of the Sine- and Sinh-Gordon models. In 
order to maintain manifest locality it will be useful to parameterise the degrees of freedom in 
a somewhat redundant way. The physical degrees of freedom can be identified using a gauge- 
symmetry. We describe how to define a natural time-evolution for gauge-invariant quantities. 

3.1 Overview on the light-cone lattice approach 

It turns out to be very useful to preserve a certain democracy in the treatment of spacial and 
time-like directions by working on a rhombic space-time lattice 

r = { (a, r) I cr G Z/AZ , r G Z, cr -f r even } . (3.1) 
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This lattice is generated by the veetors r;+ = (1,1) and v 
neighbor sites, see Figure [3Tl 


(—1,1) whieh eonneet nearest 



Figure 1: Light-eone lattiee F. 


A eolleetion of elements {Xa,T}i=i,-,M of the quantum algebra of observables Am,n to be 
defined below is attaehed to eaeh vertex (a, r) of the dual lattiee F^ defined by the eondition a+ 
T odd. For eaeh vertex of F a relation between the variables Xa t assoeiated to the neighbouring 
faees is required to hold. Sueh relations are ealled quantum discrete equations of motion as they 
reduee to the equations of motion (12.31) in the elassieal eontinuum limit. 

Let us deseribe the dynamies more explieitly. The algebra of observables Am,n will be gener¬ 
ated by invertible elements 


Xi,rm ^ ^ Z/MZ, m G Z/ 2 A^Z. 


(3.2) 


satisfying eertain relations. The only non-trivial eommutation relations are 


Xi,2a—1 Xy2a *? ^ ^i,2a X«,2a—1 ) Xi,2a \j,2a+l *? ^ \j,2a+l Xi,2a ) (3.3) 

where = — {5ij — (5ij+i). In this paper we are mostly interested in the ease |g| = 1. In this 
ease the generators Xi,m will be realized as positive self-adjoint operators. 

We will introduee two automorphisms t± of the algebra Am,n sueh that upon defining 


Xa±l,r+1 := , 


(3.4) 


with initial eonditions xL-i 0 Xi, 2 a-i,X 2 ai •= Xj, 2 aAhe following quantum equations of 
motion are satisfied 


i—1 


q x.,r X.-I,. X.+i,. ^ ^ 1 + q-1^2 


(3.5) 


These equations allow to define the values of the variables xl- r on the entire lattiee from the 
initial values assoeiated to the faees nearest to the bold saw in Figure 13.11 It is easy to eheek 
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that the evolution equation (13.51) reproduees the equation of motion (12.31) if one identifies Xa,T 
with e 2 fe</Ji(A(T,Ar) takes the limit q = —)• 1 and A —)■ 0 with k = mA and Xi fixed. 

The equations of motion above will be shown to follow from the zero eurvature eondition 

^;+i,,+i(A) c/++i_,(A) = c/+,+i(A) ^-,(A) a + reven (3.6) 

for eertain operator valued matrixes attaehed to the edges of the lattiee T. This is a quantum 
diserete analogue of (12.41) eneoding quantum integrability of the time evolution defined above. 
The relation (13.61) eorresponding to eaeh faee in the the lattiee T, see Figure ITTI ean be depieted 
as follows 



Notiee that the matriees ^'^^(A) and ^'^.^-(A) represent parallel transport on the lattiee from {a — 
1, r) to (cr, r + 1) and (a, r) to (a — 1, r + 1) respeetively. It follows that 


is defined for a + r odd, 

; (3.7) 

g„^T-{X) is defined for (T + r even. 

The rule to assoeiate an operator valued matrix to a path on the lattiee follows from the basie 
property of the path ordered exponential i. e. when the final point of the 

path 7 i eoineides with the initial point of 72 . 

The explieit form of the Lax operators of diseretized affine gl^v^^-Toda theory will be 

^^(A) 

9~{X) 

where are the matriees having a non-vanishing matrix element equal to one only in the i- 
th row and j-th eolumn, k = mA and we suppressed the explieit dependenee of u*, Vj on a 
and r. This ehoiee of quantum Lax operators is motivated by the form of the elassieal flat 
eonneetion in light-eone eoordinates, eompare to (12.51) . We will later see that the matriees 
g^{X) satisfy quadratie relations of the form (12.171) with M(A) replaeed by g^{X) relations iff 
the eommutation relations of Uj, Vj are 


M 


Eii + g 2 K A Si E 

i=l 

M 


i / ? 


(3.8) 


i=l 


Ui Uj = Uj Ui Vi Vj = Vj Vi Ui Vj = Vj Ui, 


(3.9) 
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where Cij = —(5ij — ^ij+i). We further impose Hi u* = Hi = 1 as they are central. We call 
Wm the algebra generated by Uj, Vj and their inverses. 

In this description, the quantum algebra of observables Am,n emerges as a quotient of the 
enlarged algebra associated to the saw-blade contour in Figure [3H by 

certain gauge transformations. One may get rid of gauge redundancies at the price of giving up 
ultralocality, which is the requirement that at fixed r the matrix entries of commute with 
the matrix entries of ^ when cxi 7 ^ < 72 . 


3.2 The monodromy matrices 

3.2.1 An alternating spin-chain 


The monodromy matrix Ad (A) of the lattice model is constructed as a product of local Lax 
matrices as 

M{\) = ■ ■ ■/:i(A). (3.10) 

In the lightcone representation £^(A) takes the factorized form 


where 


L+(g 2 K ^A) := ^+(A), L (g 2 K+^A) := (l - g ^A^) (g (A)) ^ , (3.12) 


with g^(A) given in (13.81) . The scalar factor multiplying in (13.121) can be identified 

with the quantum determinant q-det(g“(A)) as defined in Appendix lAl The definition (13.121) 
may be written more explicitly as 


L-(A) = (l-j-'A") 


M 


n -1 


(Uj - q ^AviEi+ii) 


2 = 1 


M 




2=1 


(3.13) 

(3.14) 


The monodromy matrix (13.101) is the operator-valued matrix associated to the bold path in Figure 
B.ll upon setting g^a-i '■= 92 a •= ^, 0 - The index m on g'^ denotes the embedding of 

Wm in the m-th thensor factor of ■ h is thus clear that the matrix entries of quantum 

Lax operators associated to different sites of the chain commute. 

The algebra Wm admits a simple realization in L^(M^) given as follows 


_ -27r6pi 


Ui = e 




Vi = e 


[Pi,qj] = (27rf) 6, 


(3.15) 


20 














with q = The quantum space on which the matrix entries of the monodromy matrix 

act may be taken to be T-L'm n •= Alternatively one may impose the constraint 

Pi = 0 for each spin-chain site, leading to a representation of W in a subspace 'Hm,n of 
isomorphic to 

Both Lax matrices L+(A) and L~(A) satisfy relations of the form 

R(A, /i) (^(A) ® 1) (1 0 ^(/r)) = (10 ^(/i)) (^(A) 0 1) R(A, /i), (3.16) 


with the same auxilliary R-matrix R(A, /r) given as 


M 

R(A, /i) ^ ^ Ejj 0 Ejj T f ^ ^ Ejj 0 Ej'j T ^ Ejj 0 Ejj, (3.17) 

i=l i^^j 

\M „-l „-|-l 

= ~ ^ ^ 7 ~ 7 M-£ , £ 

g-i /i^ - A^ ’ ^ q-^ - q+^ ^ 

where {i— j)M denotes (i—j) modulo M. The monodromy matrix constructed in (13.101) there¬ 
fore satisfies the relations (12.291) . as desired. This implies in particular that the one-parameter 
family of operators T(A) 

T(A) = TrcM(M(A)), (3.18) 


is mutually commutative 


[T(A),T(,,)] = 0. 


(3.19) 


The family of operators T(A) will represent conserved quantities for the time-evolution defined 
above. 


Remark 1. In the case of SI 2 one has = 
reads 


L+(A) 


/ u A-^vA 

VA-'v-i ^-1 



= u, = V 2 ^ = V and the definition (13.111) 


L-(A) 


/ u A+^ A 
Va+'v u-1 ;■ 


(3.20) 


Our formulation of the light-cone lattice approach is in this case similar to the one described 
in [|FaV92l lFaV94[ IBaBRI . An important difference is due to the fact that L^(A) is taken to 
be equal to L+(A) in [lFaV92[ lFaV94[ IBaBRfl . The two formulations are equivalent for even 
N, as will be discussed in Section [3.2.2l below. The relations with the representation theory of 
quantum affine algebras appear to be more natural in our formulation. 

Remark 2. The inverse of the matrix L~ (A) given in (13.131) can be written more explicitly using 
the following observation: For any matrix of the form F(a) := 1 — Ej+ij, one has 


(1 - om • • • 0 , 20 - 1 ) (F(a)) ^ = 


( 1 + (aj_iai_2 

V 




(3.21) 


Norice that in order to derive (13.211) no commutation relation between Ug have been used. 
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3.2.2 Relation to XXZ-type spin-chains 


It will be useful to note that there is a closely related Lax-matrix which is defined as 

M 

= £.(A) T, T = ^ E.,+, ^ (3.22) 

i=l 

The Lax matrix satisfies the same equation (13.161) that is satisfied by ^^(A), as follows 

from the fact that R(A, /x) commutes with T(8)T. It furthermore has a dependence on the spectral 
parameter A of the form 


M 

£J»(A) = + 5;](A"+‘->Ey + A^-‘E,.£„,y). (3.23) 

2=1 i<j 

It follows from (13.161) together with the form (13.231) that the matrix elements £ij generate a 
representation of the quantum group Uq{slM), as will be further discussed in Section [6.3.41 
below. 


Note furthermore that 

T /:r^(A) T-^ = ■ £r^(A) ■ n , (3.24) 


where 12 is the automorphism of the algebra of generated by the matrix elements of £^^^(A) 
defined as 


12„ ■ Sa i j ■ 12a — 


J-1 • 


(3.25) 


The automorphism 12^ allows one to relate the monodromy matrix A^(A) to the monodromy 
matrix T-^3W^^^(A), 


= £^^"(A)£^“ (A) ■ ■ ■ £r"(A) ■ (3.26) 

The automorphism 12a has order M, (12a) ^ = id. If N is divisible by M, the spectral problem 
for T (A) therefore becomes equivalent to the spectral problem for T^^^ (A) = Tr^M (A4 (A)). 

The close relation between spin chains of XXZ-type and lattice regularisations of the affine 
Toda theories will make it natural and often useful to discuss both of them in parallel. 

3.3 Light-cone time-evolution 

We will now derive the quantum equations of motion (13.51) . The derivation will be based on 
an explicit construction of the light-cone evolution operators U^, see (13.41) . The latter will later 
be shown to belong to a large family of commuting operators contructed as transfer matrices in 
Section lT4l 
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Before proeeeding to the derivation an important remark is in order. The zero eurvature eon- 
dition (13.61) can not specify by itself a unique time evolution for the variables u^.^, The 
reason is that if satisfy the zero curvature condition, then also 



^(T,T+l 9 


+ 

cr,T 


D 


-1 

cr—l,r ’ 



Da-l,r+l 9a,r ^ 


-1 
CT.T ’ 


(3.27) 


do. In (13.271) are taken to be diagonal matrices in order to preserve the form of given 
in (13.81) . We refer to the transformations (13.271) as gauge transformations. The transformations 
(13.271) reflect the transformation properties of the path order exponential i—)■ 

where 7 is a path connecting the point A to the point B. It will be shown that the zero curvature 
condition specifies a unique time evolution for the gauge invariant sub-algebra of 


3.3.1 Identification of physical observables 


We first want to clarify how the quantum algebra of observables Am,n emerges form the en¬ 
larged algebra generated by the operators Uj^^, i = 1,..., M, r = 1,..., 2N. 

Consider the products and which may be represented as 


M 


L 2 a(/^)Lja-i(^) = (1-7 V^)( 1-/^5^Yi,2aEi+i,i I (3.28a) 

i=l ' 

( 1 ^ 

■ A(u 2 aU 2 a-l) ( 1 + “ X] ^i,iA 

^ i=l 

/ 1 ^ ~ \ 

^ta+liy)^2a{9) — ( ^ Y — '^t,2a+l j A(u 2 a-|-lU 2 a) (3.28b) 

i=l ^ 


(1-7 V^) 1-/^5^ Y. 2 „E 


2 + 1,2 


2=1 


where A(a;) := Y!L\ E** and 


Y-^ := Uj+i^rVi,r, Y+^ := u^+j^, 


Yj yi,rUi,r 1 




(3.29) 


The group of gauge-transformations on a time slice is generated from the transformations 


Lla-l(-^) —^ ^2a-l E^a-l(-^)l ^ f E^a_i(A) — )■ L^„_;^(A) T*2al ^Q) 

L2-a(A)^L2-(A)/^2a-l J '“I (A) ^ ^^.(A) J 


Using the factorised expressions (13.281) it is easy to see that Y^^^ and Y- ^ are invariant under 
^ 2 a-i’ while and Y^T^ are invariant under G 2 a- Note furthermore that the combinations 
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Uj 2 aLii, 2 a-i wMch ETC nonnvariaiit undcr G' 2 a_i do nof appear in the product L 2 a(A)L^„_^(A). A 
similar statement holds for the combinations Uj 2 a+i'^^ 2 a which are not invariant under G 2 a- 

The next step will be to identify operators that implement the gauge transformations ^ 20-1 
6*20 within the chosen Hilbert space representation of A!]^ ^v- To this aim let us introduce the 
operators 

^i,2a-l — {^i,2ayi,2a^i,2a-Ai+l,2a-l)^ ) 

^i,2a — (^j+l,2a'^i,2a''i,2a+l^i,2a+l) ^ • 

It is easy to see that c^ 2 a-i commutes with and Y^^., but it does not commute with 
Uj 2 aLii~ 2 a_i- This allows US to identify logCj 2 a-i as an infinitesimal generator for G' 2 a-i- By 
very similar reasoning one may identify logc^ 2 a as an infinitesimal generator for G 2 a- Having 
related ^ with the generators of the gauge symmetry motivates us to define the algebra 
of ’’physical” observables to be the sub-algebra of A'j^ ^ generated by the operators commuting 
with all Cj more precisely 


A^^^ := { 0 G A'^y, (c,,,)- ■ 0 ■ (c,,,)- = 0 

V i = 1,..., M, V r = 1,..., 2Ar, V s e M } . 

It is easy to find an explicit set of generators for Aj^^j^: It is given by the operators 


(3.32) 


^i,2a—l ■ *^2,2a^2,2a^i,2a—1 *^2+l,2a—1 '2'2\ 

1 \ * / 
Aj,2a ■ i,2a^i+l,2a^i,2a+Ai,2a+l ' 

One may easily check that the operators Xi r defined in (13.331) commute with ^ for all allowed 
values of i and r, and satisfy the commutation relations (13.31) . 

One may note that the operators Xi,r nnd Cj ^ with r = 2a — e either odd (e = 1) or even 
(e = 0) generate commutative subalgebras of They can therefore be simultaneously di- 

agonalised, leading to representations where states are represented by wave-functions c), 
with X and c being vectors with components Xi^a and Ci^a for i = 1,..., M and a = 1, ..., N, 
respectively. The representations are defined such that 


Xi,2a-e^'i^A) = , c- 2a-,ij'ix,c) = {x, c) . (3.34) 

Whenever a physical operators 0' can be represented as an integral operator, one may assume 
that this representation takes the form 

= (3.35) 

The kernel Ko/{x, x'; 7 c) may depend on the values 7 c of the central elements that the algebra 
generated by the ^ has. 
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One may then define a natural projeetion sending ijj'{x,c) to ijj{x) = ijj'{x, 1), where 1 has 
components = 1 for i = 1,... ,M and a = 1,... ,N. Physical operators are projected to 
the operators 


(0?/^)(a;) = dx'Ko{x,x')i>{x), Ko{x, x') = Ko'{x, x']'y:i_) 


(3.36) 


3.3.2 Hamiltonian formalism 


In a Hamiltonian framework one may describe the time evolution of arbitrary observables Oa-,T 
by means of operators U^, see (I3.4L which generate the light-cone evolution by one time step 
in the following sense: 

:= (u+)-' ■ a,. ■ u+, := (u ■ a,. ■ u;. ( 3 . 37 ) 

The corresponding discrete time evolution operator Uk is given as 

U. = u; ■ U+ = U^ u; . (3.38) 

Notice that this operator shifts the time variable r by two units. The main ingredient to construct 
the light-cone evolution operators will be an operator r“+(A, u) that satisfies 




m,n V 


(3.39) 


The motivation for introducing the notation — will become clear in the following. Having such 
an operator we may construct in the following form 


u: = 


N 




a=l 
- 1 ; 


■ c 


u: = 


N 




a=l 


■ c 


-1 

even 


(3.40) 


(3.41) 


where = jj, ^fi. The operators C^dd and Ce^en are defined such that 

Codd ■ 02a-|-l = 02a— 1 ' O^dd ; O^dd ' 02a = 02a ' O^dd ; 

Oeven 02a—1 02a—1 Ogven 7 Ogven 02a 02a—2 5 

for all operators 0^ which act nontrivially only on the tensor factor with label m in (Wm)*^^^- 
It follows that (U^)~^U+ generates space-shift of two lattice units, as it should. It is then easy 
to show that the zero curvature condition (13.61) will be satisfied in the time evolution generated 
byUJ: 



= 




{332) 

(U+)- 

■ U", 

rifi) L 2 V 

■ 

u;r 


c:dd • 

(^2a,2a— 


i 

1 

i-J 

1 

ri.p) L; 

039) 

■ 

^odd 

1 + 

'-2a-l,T 

(f'-) ^2a,7 

■(/^) ■ C„dd 

OTT) 

1 + 

‘-2a-|-l, 

r(/^) L2a,r(/^) ' 




25 








The fact that T(A) give in (13.181) generates quantities conserved in this time-evolution, 


(U*)-'.T(A).U* = T(A), (3,42) 

may now be checked directly using (13.391) . (13.411) and the cyclicity ot the trace. 


3.3.3 Evolution of physical degrees of freedom 


We will now derive the evolution equations (13.51) from the Hamiltonian point of view. To do so 
we will use an explicit solution of (13.391) : 




■ M 

f^(Xi,2a—l) 




t2a,2a-l 


where g’^ 2 a. 2 a-i operator 


(3.43) 


^2a^2a—l 


1 

{71'b‘^y 


M 

^l0g(u,,2a)l0g( Liz,2(1—l) 5 
i=l 


(3.44) 


while Jn{x) is a special function satisfying the functional relation 

Note that g'^ 2 “. 2 a-i satisfies 


^^2a.2a — \ »/ ^ ^2a,2a — 1 

y ^i,2a-i y 

y^^2a,2a — l »/ ^2a,2a — \ _ 

y ^i, 2 a y “ 


'^2,2a *^i+l,2a ^2,2a—1 "> 
'^ 2 +l, 2 a-l ^i,2a-l ^ 2 , 2 a 5 


(3.46) 


and commutes with Uj 2 a, Uj_ 2 a-i- The fact that the operator defined in (13.431) satisfies (13.391) can 
be verified by straightforward calculations. As we will see in Section [5^ the functional relation 
(13.451) supplemented by the requirement that the time evolution is unitary will determine a 
solution Ji^{x) of (13.451) almost uniquely. 

From the explicit form of r“+(/i,/i) given in (13.431) it is easy to derive the quantum discrete 
equations of motion. Let r±(z) := (U^)~^- z ■ U^. Using the definitions (I3.43L (I3.46L the 
algebra (13.31) and the functional relation (13.451) one obtains 


X+ (Xi,2a-l) 

U- {Xi,2a} 


X- {Xi,2a+l) — Xi,2aj 
X- {Xi,2a+2) = 

,,-l ,, ^ + q~‘'l^^Xi+l,2a 

Xi,2a Xi,2a+1 Xi,2a+2 ^ -v 

X “T 4 fT Xi^2a 


l + q ^/t^X»-l, 2 a +2 

I + Xi,2a+2 


OMsl) 

(3.47b) 
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which implies the diserete time-evolution (13.51) . Note furthermore that 

T+ (Q,2a-l) = 'T- (Q,2a+l) = Q,2a , T+ (Q,2a) = (Q,2a+2) = Cj 2a Ci,2a+1 ^i,2a+2 (3.48) 

This means that the evolution of the unphysieal degrees of freedom represented by the operators 
Zi^r deeouples eompletely from the evolution of the physieal observables Xi,r- 

One may notiee that the equation (13.391) does not speeify r“+ uniquely, see Seetion[^for more 
details. This is related to the faet that the zero eurvature eondition does not speeify a unique 
time evolution for the enlarged algebra However, the ambiguity left by equation 

(13.391) does not affeet the time-evolution (13.51) of the physieal degrees of freedom. 

3.4 Fundamental R-matrices and Q-operators 

One of the simplest possible ways to make integrability manifest is realised if the operators 
for the light-eone evolution are obtained from a family of eommuting operators Q±(A), by 
speeializing the parameter A to a eertain value, = [Q±(A^)]^^ for a eertain A^ G C. This is 
aehieved naturally when the model is defined by an alternating spin ehain as the one introdueed 
in Seetion U.2.11 see [|FaRllFaV92| . 

We will later see that the operators Q±(A) are natural generalizations of the Baxter Q-operators, 
as the notation antieipates. 


3.4.1 Fundamental R-matrices 

A standard tool for the eonstruetion of loeal lattiee Hamiltonians are the so-ealled fundamental^ 
R-matriees whieh are defined by the eommutation relations 

^))~^ /^; ^^) ■ (3-49) 

In our ease we are dealing with lattiee Lax matriees that faetorize as 

KiP )La (/^)) (3-50) 

where = q^K~^X and Ji = This faetorized form implies in partieular that the 

fundamental R-matriees ean be eonstrueted as 

= r+--(/r,i/)r++(/i,z/)r-^(/i,z/)rr+(;2,i/), (3.51) 

^The name fundamental refers to the fact that they play a fundamental role in the integrability of the model. It 
should not be confuses with the adjective fundamental used to attributed to the fundamental representation. 
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provided that be operators satisfy the relations 


Ki.^) drn(/^> = d7n(/^) , (3.52a) 

Lr7(/^) L7(i^) L™(/^), (3.52b) 

Lr„(/^) L7(i^) r”7n(/^, T^) = L7(^^) L" (/^), (3.52c) 

L7r(/^) L7(i^) Ki^) L™(/^) • (3.52d) 


The regularity property for the fundamental R-operator, i.e. 1Zab{,J^i /^; /i, /^) = ^ab, which is 
often used to construct local conserved charges from the fundamental transfer matrix, will hold 
if the conditions 

= Pr., |'77(/^)/^) = Prs, r+7(/i,/i) r-7(/i,/i) = 1, (3.53) 

are satisfied, where Pjj is the operator of permutation of the tensor factors with labels i and j. 

We will later discuss how operators satisfying (13.521) and (13.531) can be constructed 

using the representation theory of quantum affine algebras. It will turn out that the dependence 
on the spectral parameters is of the form 

■ (3-54) 

In Section [3.2.21 we had introduced the Lax-matrices It is easy to see that the funda¬ 

mental R-operators 


■= ■ T^ab{i^^ /w; > (3-55) 

will satisfy the commutation relations (13.491) with C replaced by 

Our next goal is to show that the operators {l^i allow us to construct generalized commut¬ 
ing transfer matrices which are conserved in the time evolution. 


3.4.2 Q-operators 

We may then use the fundamental R-matrices to define generalised transfer matrices as 

r(/i, /r; P, a) = ( ^ojv(p> P; ■ (3-56) 

It follows from (13.511) that (13.56!) factorizes into the product of two more fundamental transfer 
matrices as 

r(/i, /i; p, u) = Q+(/i; p, u) ■ Q-ifl] P, z/), (3.57) 
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where 


u, v) = Tr _ (ro 2 ^(/r, v) ... (/r, i^)ro,i+(/i, v)) . (3.58) 

n.Q 

Q+(/r;z7,i/) = Tr^+(r+ 2 )v(/^>^)''(t 2 Vi(/^)^) ••• ) • (3.59) 


Each of the operators Qe(A; /i, /x), e = ± will generate a mutually commutative family 

Q,i(Ai;/i,/i) • Q,2(-^2;/i,/i) = Q,2(A2;/x,/i) ■ Q,i(Ai;/2,/x), (3.60) 


of operators provided that the constituent R-operators satisfy the Yang-Baxter equations 


„ei 62 
m, n 


(A/x-i) 


|.ei 63 

m,p 


(A^x-i) 


|,€2 es 

n,p 


(/XI/ ^) 


I^e2 63 

n,p 


(/xz/ 1) 


,.€1 63 

m, p 


(AZ/-1) 


„61 62 
m, n 


(A/x-i) 


(3.61) 


where we have used the so-called difference property (13.541) . 

Recall that /x /x“^ = is a fixed parameter of the model. It follow from the explicit definition 
(13.581) and from the properties (13.531) . that the transfer matrices Qe(A; /x, /x) for special value of 
the spectral parameter A satisfy 

2+(/x;/x,/x) = (U+)"^ , Q_(/x;/x,/x) = U", (3.62) 


where are given in (13.401) . It follows from (13.601) that Qe(z/; /x, /x) commute with U^, and 
therefore represent conserved quantities for the evolution generated by them. 

We will later see that the operators Q±(A) = Q±(A; /x, /x), defined in (13.581) satisfy finite dif¬ 
ference equations constraining the A-dependence which generalise the Baxter equations. This 
motivates us to call these operators (generalised) Baxter Q-operators. 

It is useful to note, however, that multiplying the family of operators Q±(A) by an operator that 
is not A-dependent will yield another solution of the generalised Baxter equations. It may, for 
example, be useful to consider 


Qfi,uA^) ■= = Q+(A;i/, z/) ■ Q-(/x;z/, I/), (3.63) 

as an alternative definition of (generalised) Baxter Q-operators. The operators Q^,p,i/(A) repre¬ 
sent another useful family of conserved quantities. Somewhat surprisingly we will find kernels 
representing the operators Q/i,p,,y(A) that are simpler than those we could for Q±(A). 


4 Background on quantum affine algebras 

This section first reviews the basic background on quantum affine algebras used in this paper. 
We then summarise the available hints that this algebraic structure is the one underlying the 
integrability of the affine Toda theories. 
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4.1 Quantum affine algebras 


To begin with, let us briefly review the necessary background on quantum affine Lie-algebras. 

Let 0 be the (untwisted) affine Kac-Moody algebra associated to the simple Lie algebra g. We 
let r denote the rank of g and assume, for simplicity, that all the real roots of g have the same 
length (this is the only case that will concern us). The quantum affine algebra may then 

be defined HDrll lJl as the Hopf algebra generated by the elements 1 (the unit), e,, /*, fcj = 

(i = 0,1,..., r), and q^, subject to the following relations: 


-1 


kiCj = q^^^ejki, kifj = q fjku etfj - fjCt = 5, 


q^ei = q^^°eiq^, hkj = kjh, q^h = ktq^, q^ft = q fiq"^, 


D, 




ki - fc, 

V 1 


f. — 


1-Ai. 


E (-1)' 


n=0 


1 Aij 

n 


l-Ai 




E (-1)’ 


n=0 


T - A 




n 




1—Ai-i —n 


= 0 . 


Here, A is the Cartan matrix of g and we use the standard g-number notation 


m 


n 


\m\ 


[n] \ [m-n] ’’ 




gU _ q n 


^ g — q~^ 


(4.1a) 

(4.1b) 

(4.1c) 


(4.2) 


Equation (I4.1cl) is known as the Serre relations. This is supplemented by a coproduct A given 
by 


A (cj) = Cj ® /cj -f 1 0 Ci, A {ki) = ki® ki, (4.3a) 

A (/,) = /* 0 1 + kA ® fu A (g^) = g^ 0 g^. (4.3b) 

There is also a counit and antipode, though their explicit forms are not important for us, except 
in noting that there exist Hopf subalgebras Wq(b+) and Uq{b~) generated by the e*, ki, q^ and 
the fi,ki,q^, respectively. These are the analogs of Borel subalgebras and we will refer to them 
as such. The subalgebras Uq{vA) and Uq{x\~) generated by the e* and the /j, respectively, will 
be called the nilpotent subalgebras. They are not Hopf subalgebras. 

As in the classical case (g = 1) above, we will generally be interested in level 0 representations. 
Because of this, we will often denote a quantum affine algebra by Uq (go), understanding that 
the linear combination of Cartan generators giving the level has been set to 0. As the level is 
dual to the derivation D under the (extended) Killing form, it is therefore often also permissible 
to ignore D in our computations. 

The quantum affine algebra ^^(sIm), which will be the main focus of this paper, is defined 
as above upon taking the Cartan matrix to be Aij = 26ij — Si^ij — where indices are 

identified modulo M. The finite group Zm is realized as automorphisms of the Dynkin diagram 
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of sIm- We denote by f2 the eorresponding generator. Due to their eentral role in the following 
analysis we report the form of the Serre relations in this speeial ease (M > 2) 

e? - (g + g"^) = 0 , (4.4) 

e* Cj = ejd, if i 7 ^ j ± 1, (4.5) 

and similarly for /j. Notiee that the Serre relations are unehanged under g —)■ q~^. The quantum 
affine algebra Wg(g(^) ean be defined introdueing the generators {g^‘}i=i,,,,,M related to ki in 
(|4T]) as 

ki = . (4.6) 

The generator e := eentral. If it is set to zero we reeover Uq{siM)- Notiee that the 

simple roots of gt^, see Appendix 1C.l.li satisfy Hi{aj) = Aij. This follows form ei{ej) = 6ij 
and justifies the notation. 

Finally, we remark that the automorphism D of the Dynkin diagram of sIm induees an automor¬ 
phism of Uq{slM) 

^ fij foil)-! ^O(i)) 1 (4.V) 

where Vt{i) = i + 1. 

4.2 Universal R-matrix 

The physieal relevanee of quantum affine algebras stems from the existenee HDrSball of the so- 
ealled universal R-matrix Ai. This is a formally invertible infinite sum of tensor produets of 
algebra elements 

M = ^^ai®bi, ai,6ieWq(g), (4.8) 

i 

whieh must satisfy three properties: 

(x) = A°P (x) ^ for all x &Uq (g), (4.9a) 

(A 0 id) {M) = ^ 13.^23 and (id 0 A) = .^ 13 ,^ 12 . (4.9b) 

Here, A°p (x) denotes the “opposite” eoproduet of Wg(g), defined as A°P(a;) = cr(A(a;)), where 
the permutation a aets as 

(j{x ® y) = y ® X. (4.10) 

We have also used the standard shorthand ,^12 = X]* ® ® = Yhi <8 1 0 and 

■^23 = 1 ® < 8 ) hi. 

Quantum affine algebras have an abstraet realisation in terms of a so-ealled quantum double 
HDrSbal whieh proves the existenee of their universal R-matriees. This realisation moreover 
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shows that these R-matriees ean be factored so as to isolate the contribution from the Cartan 
generators: 

^ = t = ^{A-^)..Hi®Hy (4.11) 

ij 

Here, A denotes the non-degenerate extension of the Cartan matrix to the entire Cartan sub¬ 
algebra (including D). This is achieved by identifying this matrix with that of the (appro¬ 
priately normalised) standard invariant bilinear form on the Cartan subalgebra. The so-called 
reduced R-matrix is a formal linear combination of monomials of the form E/ ( 8 ) F j := 
eii • • • Ci^ ® fj, ■ ■ ■ fj^ (/ = {ii,..., ik}, J = {ji,... it}). It is worth noting [|KhT92|| that M is 
already uniquely defined up to a scalar multiple by (I4.9al) and (14.1 II) . 

We note that a second solution to the defining properties (14.91) is given by HDrSbal 

AE-= {a (4.12) 

This alternative universal R-matrix is then of the form 

A^-=^-q-\ (4.13) 

in which is a formal series in monomials of the form F/ C) Ej. In order to emphasise the 
symmetry between the two universal R-matrices we shall also use the notation := AS. AS^ 
and may also be related by the anti-automorphism C, given by 

C(eO = /*, C(/i) = e., = aD)=D, ({q) = q-\ (4.14) 

This action can be continued to tensor products via C(a; y) = C{x) Ciu)- In terms of (, we 
can represent AS~ as = C{AS~^). 

In order to get an idea how property (I4.9al) determines the universal R-matrix let us first note 


that q* satisfies the equations 

q^ ifi O 1) = {fi ® g*, g* (1 C) /*) = {k~^ ® /*) g*, (4.15) 

g* (e*®!) = q\ g* (10 6^) = (/c+^ 0 e*) g*, (4.16) 

The intertwining property (14.91) implies the following relations for the reduced R-matrices 

/, 0 1] = {ki 0 fi) (fcrl (g) /.) , (4.17) 

[e^“,ei0l] = {ki®ei)M~—M~ . (4.18) 


These equations can be solved recursively in the order of the monomials E/ 0 Fj or F/ 0 Ej, 
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(4.20) 


the first few terms for 



1 ^ ^i) (/* ® ei) + ^ 0 /f 


2=0 2 = 0 

(Qi - C^)(?i - 


9/ + 1 


E 




f' — q i<^ii<^j) 


e- e^. _ g. g.^ (g) f.f.j^__ . 


Notiee that the quadratic Serre relation e^- = ej e* for (a*, a^) = 0 follows as a necessary 
condition for the existence of the universal R-matrix. 

For the case of of our main interest we may note that introducing the Cartan generators 

6i simplifies the expression for t entering the universal R-matrix as 


M-l M 

t = = ^ei®ei 

2,ji = l 2=1 



(4.21) 


Note furthermore that in the case of Wq(gljv^) the universal R-matrices are ZM-symmetric, 


(f2 0 f2) o . (4.22) 

as follows from the uniquenes^ of the universal R-matrix. 

It finally follows from the defining properties (14.91) that and satisfy the abstract Yang- 
Baxter equations 



^12 "^13 



^23 ^13 ^12 ) 


(4.23a) 

^23 ^13 ^12 5 

^23 '^13 ^12 

— ^\3 ^23 1 

(4.23b) 

^23 '^13 ^12 1 

^23 ^\3 ^12 

= ^+^+^ 23 , 

(4.23c) 

^12^13^23 ~ 

^23 ^\3 ^\2 ■ 


(4.23d) 


The equations (14.231) will imply in particular the crucial relations (13.161) when evaluated in 
suitable representations. 

^ We obtained this expansion for Uq{Q{A)), where g(A) is the Kac-Moody algebra associated to the (sym- 
metrizable) generalized Cartan matrix A. In this case the relation (14.lab generalizes to 


k- — k~^ 

n-zCj — q c-jtki, — q J 3 ^^ — — 1 ’ 

- (li 


(4.19) 


where {ai, aj) = (aj, ai) and the Serre relations take the same form as in (I4.1cb with the Cartan Matrix given by 

A. — 

{oii\ai) ' 

^The automorphism fl does not alter the ansatz for the universal R-matrix that enters the uniqueness theorem 
in ||KhT92l 
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4.3 Drinfeld twist 


One may modify the defining data of the quantum affine algebras by means of Drinfeld twists, 
represented by invertible elements ^ ^Uq (g) $§ Uq (g) 

K{x) = /\{x) ^ , 'ixEA, ^ . (4.24) 


We will only eonsider elements ^ preserving eo-assoeiativity of the eo-produet (eoeyeles). For 
a very particular choice of ^ we will later find useful simplifications in the expressions for the 
fundamental R-operators. This choice is ^ = cr{q~^), where 


1 _ _ 2 
/ ~ ® 0 ’ ~ ~ i)modM 


(4.25) 


Useful properties of the coefficients Xj, are 


O Xi. + X.i = 

Y ^ _ 2 M 

Ajj+i - Ajj - j 


(4.26) 


We may furthermore note that (14.261) implies that 

a{qf) = q\ 


(4.27) 


This identity allows us to write and M in the forms 

= q^^ , (4.28) 

= \q^ q~^\(T{q~‘^^) ■ (4.29) 


These formulae, together with 


o-(g^) (e* ® fi) a{q = e* q^‘+^ m ^ q^i m f. ^ 
ifi ® ei) q~^ = fi q^'~^ (g) e*, 


(4.30) 

(4.31) 


are useful for computing the Lax- and R-matrices from the twisted universal R-matrices. 

Remark 3. Parts of the literature use conventions where is factorised as g*, 

compare to (14.111) . The factor is constructed from the generators e- = eik~^ and // = fcj/j. 
We have 

A(e') = e-(g) (4.32) 

Hfi) = f[® ® fi , (4.33) 

indicating that our choice ^ = cr{q~f is indeed a particularly natural one to consider. 
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4.4 Relevance for affine Toda theories 


Before we eontinue with more formal developments let us pause to review some important 
hints indieating that the representation theory of quantum affine algebras will be the proper 
framework for establishing and exploiting the quantum integrability of the affine Toda theories. 

4.4.1 Continuum approaches 

One of the key observations HBoMPI pointing in this direetion is the faet that the sereening 
eharges Qf generate representations of the the nilpotent sub-algebras Uq{n~), Uq{n^), 

7rpp(/i) := Q+, 7r-p(ei) := Qr . (4.34) 

Indeed, it ean be verified by direet ealeulations that the Serre-relations are satisfied HBoMPl 
IBaLZ3l . This observation relates the interaetion terms in the light-eone Hamiltonians to the 
representation theory of the quantum affine algebra Uq (sIm) ■ It can be used to eonstruet the loeal 
conserved charges of the affine Toda theories in the light-cone representation IIFeFll[FeF2ll . 

The representations vr+p can be extended to representations of the Borel sub-algebras Uq{b^) 
Uqib'^) hy setting 

^FF(^i) := ^(Pi - Pi-ri) > :=-^(Pi - Pi+i) . (4.35) 

A beautiful observation was made in [|BaLZ3ll and jBaHKI in the cases M = 2 and M = 3, 
respectively: It is indeed possible to evaluate the universal R-matrix in the tensor product of 
representations 0 vr+p, where vr+p is the free-held representation dehned above, and vr^ is 
dehned as 


7ri(ei) = A = A = Ej^i - Ej+i^^+i; (4.36) 

the matrices Ejj are the matrix units Ejj E^; = 5jk For a certain range of imaginary values 
of the parameter b = i(3, the matrix elements of 

M+(A) := (vr^ 0 7r+p)(,^), (4.37) 

represent well-dehned operators on the Fock space underlying the representation vTjJp. The 
matrices M+(A) represent quantum versions of the monodromy matrices representing the in- 
tegrable structure of the massless limit of the affine Toda theories. These results were later 
generalised to M > 3 in IlKoll . 

The massless limit decouples left- and right-moving degrees of freedom. By a careful anal¬ 
ysis of the massless limit it was shown in llRiTlI that the monodromy matrices M+(A) and 
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M^(A) := (tt^ 0 describe the decoupled integrable structures of the right- and left- 

moving degrees of freedom, respectively. This means that there is a correspondence between 
light-cone directions and Borel sub-algebras. This observation will be very useful for us. 

For the cases 6 = i/? it might be possible to define monodromy cases for the massive theories 
by considering 

M(A) = M-(A)M+(A), (4.38) 

as suggested by the representation (12.151) of the classical monodromy matrix for = 1. Un¬ 
fortunately it is not straightforward to generalise (14.371) to the cases of our interest, 6 G M. The 
short-distance singularities are more severe in these cases. It may nevertheless be possible to 
define monodromy matrices M(A) by using a renormalised version of the right hand side of 
(14.371) . They key observation that (14.341) defines representations of Wq(n+), Uq{x\r) remains 
valid, after all. However, this approach has not been developed yet. 


4.4.2 Lattice discretisation 


In order to gain full control, we will instead employ a lattice regularisation. As will be discussed 
in more detail below, it is then possible to obtain the lattice Lax matrices from the universal R- 
matrix in a way that is quite similar to (I4.37L 


L+(A) <)(«*)] 


(4.39) 


where the representations 7r+ and tt are defined as 

^ , 7r+(fci) = UiU,"+\, (4.40) 

A”! 

^ q-1 (4.41) 

{vj, Uj}i=i_,„_M generate the algebra W, see (13.91) . It is easy to verify that (14.401) and (14.411) 
satisfy, respectively, the defining relations of (Yg(b^) and Uq{b^). The notation [.. .]ren ii^di- 
cates the application of a certain renormalisation procedure, which will be necessary to get 
well-defined results in the cases where the representations tt^ are infinite-dimensional. The 
normalisation factors (6(+(A/x“^))“^ and (i9“(A/x“^))“^ in (14.391) are proportional to the identity 
operator and will be fixed later. 

We get another strong hint that the representation theory of quantum affine algebras is well- 
suited for our purpose by observing that it gives us a very natural way to obtain the light-cone 
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evolution operator from the universal R-matrix. We had observed above in order to build an 
evolution operator we need to find an operator r+~(/i/A) satisfying 

(r+-(M/A))-‘ . L+(A) L-(rt . r+-(M/A) = L-(^) L+(A) . (4.42) 

A solution to this equation in the sense of formal power series in the parameters /r, A ean be 
obtained from the universal R-matrix, 

r+"(/i/A) = (vr+.i (g)^“_i)(,^“), (4.43) 

as follows by applying ® 7r+_i 0 7f“_i to the Yang-Baxter equation (I4.23bl) . We will later 
diseuss the renormalisation of 0 needed to turn r+~(/i/A) into a well-defined 

operator. The definition (14.391) realises the link between light-eone direetions and Borel sub¬ 
algebras of Uq{5[M) observed in HRiTH within the lattiee diseretisation. It is erueial for making 
the relation between the evolution operator and the universal R-matrix as direet as possible. 


5 R-operators from the universal R-matrix - case of ^^( 5 ( 2 ) 

5.1 Overview 


We had observed in Seetion[3]that basie building bloeks of the QISM are the operators r“'(/r, v) 
whieh are required to be solutions to the RLL-relations 


^)) ^ , e, e' = ± 


(5.1) 


The operators r^^+(A,/i) are in partieular needed for the eonstruetion of an integrable time- 
evolution. 


The framework of quantum affine algebras will allow us to systematieally obtain solutions of 
the equations (15.11) from the universal R-matrix of the quantum affine algebraa Uq{s\M)- This 
faet is known in the ease of spin ehains of XXZ-type, where it is suffieient to evaluate the 
universal R-matriees in finite-dimensional or infinite-dimensional representations of highest or 
lowest weight type. The main issue to be addressed in our ease originates from the faet that 
some of the relevant representations will not have a highest or a lowest weight. On first sight 
this eauses very serious problems: Evaluating the universal R-matriees in infinite-dimensional 
representations will generieally produee infinite series in monomials of the operators represent¬ 
ing the generators of ^^(sIm)- These series turn out not to be eonvergent in the eases of our 
interest. 


It will nevertheless be found that there exists an essentially eanonieal renormalisation of the 
universal R-matriees. The main tool for establishing this elaim will be the produet formulae 
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for found by Khoroshkin and Tolstoy. The product formulae are particularly well-suited 
for our task: They disentangle the infinity from the infinite extension of the root system from 
the infinite summations over powers of the root generators. We will identify simple represen¬ 
tations such that only finitely many real root generators will be represented nontrivially. More 
general representation of our interest can be constructed by taking tensor products of the simple 
representations, curing the first type of problem. The second type of divergence can be dealt 
with for representations in which the root generators are represented by positive self-adjoint 
operators. Replacing the quantum exponential functions appearing in the product formulae 
by a special function related to the non-compact quantum dilogarithm produces well-defined 
operators which will satisfy all relevant properties one would naively expect to get from the 
evaluation of the universal R-matrices. 

A review of the product formulae will be given in Subsection 15.21 below. We then start dis¬ 
cussing how to renormalise the expressions obtained by evaluating the the product formulae in 
the representations of our interest. In order to disentangle difficulties of algebraic nature from 
analytic issues we will begin discussing the necessary renormalisation for the case of Wq(sl 2 ). 
The cases will be discussed in the next section. Some of the factors obtained by eval¬ 

uating the product formulae will be proportional to the identity operator. These contributions, 
associated to what are called the imaginary roots, will be discussed later in Sections |7] and [8] 
below. 

5.2 The product formula for the universal R-matrix 

In this section we begin by reviewing the explicit formula for the universal R-matrix obtained 
by Khoroshkin and Tolstoy. We will follow the conventions in [|KhT2ll . A guide to the original 
literature can be found in Section [5.2.3l below. 

5.2.1 Construction of root generators 

Recall that A+d) = A':^(0) U A™(0) where 

A‘^(g) = {7 -f /c(5 17 G A 4 .(g), k G Zi>o} U {(5 — 7) -I- I7 G A+(g), k G Zi>o} (5.2) 

A7(g) = {M|fcGZ>o} (5.3) 

The first step of the procedure is to choose a special ordering in A+(g). We say that an order -< 
on A_|. (g) is normal (or convex) if it satisfy the following condition: 

(a, /)) G (A_,_ X A_,_) / (A 7 X A 7 ) , a -< 13, a -I- /3 G A+ ^ a -< a + /3 -< /3 (5.4) 
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This definition can be applied to any Kac-Moody Lie algebra. For finite dimensional Lie alge¬ 
bras there is a one to one correspondence between normal orders and reduced expressions for 
the longest element of the Weyl group, see e.g. IICPlI . For untwisted affine Lie algebras a convex 
order splits the positive real roots in two parts: those that are greater than S and those that are 
smaller than 6, see lUtol and appendix IC.l.li Without loss of generality, roughly up to the action 
of the Weyl group of 0 , we further impose 

7 + Z>o 5 -< Z>o (5 -< (5 —7) + Z>o 5 , 7 G A+(0) . ( 5 . 5 ) 

In applications we will as well use the opposite ordering compared to (15.51) . From the definition 
it is clear that given a convex ordering the opposite ordering is convex as well. This ordering 
reflects a triangular decomposition of Wg(n+) ~ ® ® (see e.g. ULusH 

40.2.1), and is manifest in the the structure of the product formula for the universal R-matrix 
given below. 

The second step of the procedure is to construct the generators corresponding to the positive 
roots of 0 , where imaginary roots are counted with multiplicities, from the generators corre¬ 
sponding to the simple positive roots = e^-e and Cq,.. The procedure goes as follows 

1. Let & A''®( 0 ) with 7 = a 4- and a -< 7 -< /) be a minimal sequence, i.e. there are 

no other positive roots a' and j3' between a and (3 such that 7 = a' -f (3', then we set 

:= [e„, := e„ ep - ep e„ . ( 5 . 6 ) 

Notice that when, for a fixed normal order, the minimal sequence is not unique, the root 
vector does not depend on the choice of minimal sequence. This is ensured by the Serre 
relations. In this way one construct all root vectors e^, for 7 G A+( 0 ). 

2. Next, set 



[^aij ^S-ai]q-l ) 

i = l,...,rank( 0 ), 

(5.7a) 

^oi.i-\-k 5 

:= [(a,, ai)]“^ ( - Adj 

(i)\ fc 

ey) -eai, 

(5.7b) 


:= [{ai, ai)]-^ {Adj 

)\k 

) ■ ^5-ai ; 

(5.7c) 

p'fi) 

^kS 

■— \(iai + {k-l)6y ^6-ai\ 

-1 • 

(5.7d) 


In the case in which the Cartan matrix is symmetric one has (cxj, a*) := = 2. 

3. Construct the remaining real root vectors and e( 5 _..y)+fc 5 for all 7 G A+( 0 ), k > 1 
using the same procedure as step one. 

4. Define the imaginary root vectors from as follows: 

E,{z) = ln(l + E[{z)) , (5.8) 
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where 


E.(z) = (g-'- g*') '2 . -B'(z) = ( 9 -' - 9 +‘) el!? . (5,9) 

k=l k=l 

The root veetors eorresponding to the negative roots are obtained with the help of Cartan anti¬ 
involution (14.141) . Notiee that onee we fix the normal ordering as in (15.51) the root veetors ef\ 
eai+ks, e(s-ai)+ks are independent on the speeifie ehoiee of root ordering, see [|Dam21l . 

The eonstrueted root veetors satisfy a number of remarkable properties. Among others, the 
following property explains the attribute convex assoeiated to the eonstrueted basis. For a -< (3, 
a, (3 e one has 

eaCfi - epCa = ^ (5.10) 

0 ^ 71 ^— 

where c^{k) are rational funetion of q non vanishing only fox a + (3 = Yll=i 7*- 
An other important property of the imaginary root generators, see lDam2L is the following 

/\{Ei{z))-Ei{z)®l-l®Ei{z) G (5.11) 

We will diseuss the eoproduet of imaginary roots in greater details in Seetion lOl 

For the ease of Wq(g(^) a distinguished normal order and the explieit definition of some relevant 
root veetor are presented in Appendix 1C. 1.21 

5.2.2 Statement of the product formula 

The expression for the universal i?-matrix has the form 

q-^ = ■ (5-12) 

The quantity is an infinite ordered produet over the positive roots A+(g). The order of 
faetors is the same as the eonvex order used in the definition of root veetors. The infinite 
produet deeomposes into three parts as follows form (15.51) and enphasized in (15.121) by the 
notation -< ~ (5. To eaeh real positive root we assoeiate the faetor 

= expg(^,^) {{q-^ - q) s~^ ® e^) 7 G A‘;^( 0 ), (5.13) 

with expq(x) the quantum exponential 

expg(a;) = (fc)^ = , {n)g\ = {l)g {2)g ... {n)g . (5.14) 

n=o y ^ 
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The quantities in (15.131) are determined by the relation 



— q 




where if 7 = the ease g = sIm we simply have = 1. 

The eontribution of positive imaginary roots is given by 

^Zs = exp S ® > (5-15) 

mGZ+ i,j=l 

where r is the rank of the Lie algebra g, and the quantities > £ ^+7 are the elements of 

the matrix inverse to the matrix with elements 



(5.16) 


entering the eommutation relations 



(5.17) 


In the case g = sIm, the coefficients Ujn,ij appearing in (15.151) can be represented explicitly as 



(5.18) 


where min(i, j), max(z, j) denotes the minimum and maximum value among i and j. 

While the root generators and their algebra depend on the choice of convex order, the universal 
R-matrix is independent of this choice. This is a non-trivial fact that follows from the uniqueness 
(under certain assumptions) of the universal R-matrix, see e.g. [|KhT921 . 

5.2.3 A guide to the literature on the product formula 

In the following we collect some references that should help the interested reader in understand¬ 
ing the origin of the product formula for the universal R-matrix. 

An explicit formula for the universal R-matrix of Uq{sl 2 ) was presented by Drinfeld in [|Dr86bl . 
Shortly after it was given for Uq{slM) in llRol . for any finite dimensional simple Lie algebra in 
HKiRI . IlLSI and for finite dimensional Lie super-algebras in [|KhT91bl and flYl . In the affine 
case, both twisted and untwisted, an explicit expression for the universal R-matrix has first 
been given by Khoroshkin and Tolstoy in [|KhT91al . [|KhT921 and later in ULSSl (for Uq{sl 2 )) 
and [|Dam2l . [|Dam3l using different techniques. Product formulae for quantum affine super¬ 
algebras were presented in IlYall . 
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Using Drinfeld double construction HDrSbbl . the problem of finding explicit expressions for 
the universal R-matrix reduces to the determination of basis of Wq(b^) which are orthonormal 
with respect to the standard pairing between Uq{h^) and Uq{h~). The key idea is to find a 
convenient basis, with simple properties under product and coproduct, that simplifies the cal¬ 
culation of the pairing. In parallel to the q = 1 case, one construct so called (convex) basis 
of Poincare-Birkhoff-Witt (PBW) type as ordered product of root vectors. Thus, one must first 
define analogues of root vectors associated to non-simple roots of g. There is an elegant con¬ 
struction of such root vectors. If g is finite dimensional all roots are in the trajectory under the 
Weyl group of a simple root. As the Weyl group can be be extended to a braid group action on 
Uq(Q) ULusI one can construct non-simple root vectors from simple ones following this observa¬ 
tion, see [|CP1. In the affine case the situation is more involved as imaginary roots, by definition 
UKacl . are not in the orbit of simple ones under the Weyl group. The construction of imaginary 
root vectors in this case has been carried over in nPamlH . ULSSL UBelL [IBe2l . [|Dam2l . While 
explicit proofs in the literature concerning properties of PBW basis use techniques connected 
to the braid group action, in the following we will use a different construction. 

Convex bases in the affine case have also been constructed in [iToll . [|KhT91all . nKhT93al 
[|KhT93bl . In these references the braid group action is not used and explicit proofs are mostly 
omitted. The construction of root vectors, referred to as Cartan-Weyl basis, is guided by the au¬ 
thors experience with so called extremal projectors, see nTol2ll . This construction of root vectors 
is convenient when dealing with representations and will be used in the following. We remark 
that the root vectors constructed by this procedure are closely related to the quantum current 
type generators appearing in the Drinfeld’s second realization of Wq(g) [|Dr87l . see [|KhT93al 
and UBelll . 


5.3 Simple representations of Uq (s ( 2 ) 

5.3.1 Evaluation representations 


To begin with, let us recall that there is a well-known way to get representations of the loop al¬ 
gebras Uq{s[ 2 )o from representations of the quantum group Uq{s{ 2 )- It is based on the following 
homomorphism of algebras: Let Uq ( 512 ) be the algebra generated by E, F and with relations 


KE = g+^EK, K2-K-2 

[E, F] = -V, 

KF = g-^FK, q-q~^ 

then 

evA(ei) = X~^q^K~^E, ov\{eo) = A"^g^K+^F, ov\{ki) 

evA(/i) = A+^g^K+^F, evA(/o) = A+^g^K”^E, owxih) 


k-2 . 


(5.19) 


(5.20) 
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satisfy the defining relations of Wq(sl 2 )o- This claim can be verified by a straightforward calcu¬ 
lation. The center of Uq{s{ 2 ) is generated by the Casimir C defined as 

^ , gK2 + g-iK-2-2 + 

{q-q-^Y ' ' ^ 

The last equality in this equation is a convenient parametrization of the Casimir C. 

There are two types of representations of Wq(sl 2 ) that will be relevant for us: The usual finite- 
dimensional representations labelled by j G |Z>o and certain infinite-dimensional representa¬ 
tions for which E, F and K are realized by positive self-adjoint operators. Let us discuss them 
in more details. 


Finite-dimensional evaluation representations. We denote the (2j -f 1)-dimensional 
representation of Uq{s[ 2 ) by where j G ^Z>o. In this case K has spectrum 

{q~Y ■ ■ ■; q^~^-, q^} and the parameter j is related to the Casimir C defined in (15.211) as 


TT 


f.d. 


(C) = 


fj+i + _ 2 

{q - q~Y’^ 


(5.22) 


We further define o cva. Of particular importance will be the fundamental repre¬ 

sentation TT^ corresponding to j = 1/2, where we may take 


TT 


f.d. 

1/2 


(E) 






The representations for j > 1/2 can be generated from vr^ by taking tensor products and 
quotients. 


Evaluation representations of modular double type. We will also be interested in infinite¬ 
dimensional evaluation representations s G M, of modular double type where E, F and K 
are realized by positive self-adjoint operators. A representation Vs of Wg(sl 2 ) can be constructed 
using self-adjoint operators p and q satisfying [p, q] = as follows, 


^m.d. 
^m.d. (p) 


,^fcq COsh7r&(p-s) 
Sin TTO^ 

r -nb^cosh^^b{p + s) 

sin 7162 


(K) = k, := . (5.24) 


These operators satisfy the relations (15.191) with q = The operators e^, f<j and are 

unbounded. There is a canonical subspace Vs of L2(M) representing a maximal domain of 
definition for Ug{sl 2 ). The terminology modular double type refers to the fact that positivity of 
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the operators e^, and allows us to construet operators e^, and from e^, and k^ which 
generate a representation of Wg(sl 2 ) with q = see also Remark |4] below. 

The Casimir C of V{q{si 2 ) defined in (15.211) is now represented as 


71 


m.d. 

s 


(C) 


^+2nb{s+^b 1) g-27r6(s+i6 ^) _ 2 

{q-q-^y 


cosh (vr 6s) 
sin(7r62) 


2 


(5.25) 


The middle equation makes it manifest that for this representation i—)■ Notice that 

o ev^ corresponds to positive self-adjoint operators for A G M>o. 


5.3.2 Prefundamental representations 


For our physical application we introduce representations of the Borel-subalgebras Ug{b^) 
ofUq{sl 2 ) such that 


L±(A) 


/ u A^iv±i\ 
VA^iv^i u-i ) 


1 




(5.26) 


where u, v are operators satisfying uv = g“^vu, and p^(A) is proportional to the identity op¬ 
erator. The notation [... ji-en indicates that the formal expressions following from the universal 
R-matrix will require a certain renormalization. 

It is easy to see that we need to have 


^a(/i) 

7rr(ei) 


A 

g-g-i 

A-^ 

-q 


u-\. 


V u 


-1 


(/o) 


A 

g-g-i 

A-^ 

-q 


uv-^ 


V ^ u 


7r+(/ci) = = 7r+(fco^), 

nl{ki) = u~2 = . 


(5.27) 

(5.28) 


In order to see that these definitions are indeed necessary to get a relation of the form (15.261) . let 
us first consider L“(A) and remind ourselves that ^ = 1 + Ej (7 ^ + ■ ■ ■ up to 

higher order terms, which implies that 


(tt^OvTi ){M ) = 


1 

Avu-1 


Av-^u 
1 


u 0 
0 u-i 


+ o{y 


(5.29) 


The case of L+(A) is very similar. 

The representations vr^ will play a fundamental role for us. They are the simplest examples 
of what is called a prefundamental representation in IlHIH . To motivate this terminology let us 
anticipate that all representations of our interest will be found within the tensor products of such 
representations. We may therefore regard the representations tt^ as elementary building blocks 
for the category of representations we are interested in. 
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One of the most basic and fundamental observations is that the operators f* := vr^(/j), i = 0,1 
satisfy the relations of a q-oscillator algebra, 

fo fi - fi fo = ——f- (5.30) 

q-q-^ 

This implies that the operator representing the imaginary root element is proportional to the 

identity operator. It follows immediately from the iterative definition (15.71) . that the operators 
representing the higher real root generators fat+ks vanish identically. This observation will later 
be very useful. 

Remark 4. For |g| < 1 one may consider representations of highest or lowest weight type, as 
done in [!BaLZ3l . In this paper we will mainly be interested in infinite-dimensional representa¬ 
tions where u and v are realized by positive-selfadjoint operators, for example 

u = V = [x,y] = (5.31) 

ZTT 

The positive-selfadjointness of the operators u and v implies a remarkable duality phenomenon: 
Using the operators u := and v := , and replacing q = e~ by g = e~ one 

may use the formulae above to realise representations of the Borel subalgebras B± of V{q{si 2 ) 
on the same space on which B± are realised. This has profound consequences, as was first 
observed in iPT99I lFa99ll for the similar case of Uq (s [ 2 ). Representations exhibiting this duality 
phenomenon will generally be referred to as representations of modular double type. 


5.4 Evolution operators from the universal R-matrix 

In order to build an evolution operator we need to find an operator r+“(/x/A) satisfying 

(r+-(/r/A))-' ■ L+(A) L-(/i) ■ r+-(/i/A) = L-(/i) L+(A). (5.32) 

A formal solution to this equation is given by (vr^Li (g) 7r“_i)(.^“). Indeed, formally applying 
Ti{ (g) ttA 1 (g) 7r“ 1 to the Yans-Baxter equation (I4.23bl) seems to indicate that (7r+_i®vi)('^ ) 
solves (15.321) . However, it is far from clear how to make sense out of (vr+_i 0 due 

to the infinite summations over monomials of generators defining the universal R-matrix. Our 
main goal in this paper will be to generalise the definition of the universal R-matrix in such a 
way that evaluations like (vr^_i 0 become well-defined and satisfy all the relevant 

properties. The product formula will be very useful for this aim. In this subsection we will 
describe a first step in this direction. 

We had observed in Section [5.3.21 that T^'^{fa.i+ks) = 0 for i = 0,1, fc > 0. This implies 
immediately that the infinite products representing^ (7r+ 0 and (7r+ 0 

^To simplify the following formulae we rewrite ® 7r~_i)(M~) = (7r+ 0 7r^)(^~). 
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truncate to a single faetor. We furthermore observed after equation (15.301) that the imaginary 
roots are represented by eentral elements in the representations 7 r+ and vr^. We eonelude that 
the produet formula (15.121) yields a well-defined/orma/ series in powers of /x/A of the form 


htmai = pWA) Sqi-Tq fi (8) ei) eq{-r^ fo O eo) g % (5.33) 


where U := 7 r+(/i) and := vr^ (e*) for i = 0 , 1 , q ^ := (7r+ 0 vr^ )(g ^), and = g - g ^ 
The funetion eq{w) is related to the quantum exponential as eq{w) := expg 2 ((g — q~^)~^w) 
introdueed in (15.141) . It ean be written as 


eq{w) := exp(0g(w)), 


■= 

k=l 


(_l)fc+l 

k q^ — q~^ 


(5.34) 


The faetor p{n/X) in (15.331) is a eentral element eolleeting the eontributions eoming from the 
imaginary roots, 


p(/i/A) := (7r+0 7r^)(i^^5). 


(5.35) 


By means of a straightforward ealeulation one may eheek that the expression (15.331) will satisfy 
(15.321) in the sense of formal power series thanks to the faet that eq{w) satisfies the funetional 
relation 


gg(gw) 

eq{q-^w) 


1 + w. 


(5.36) 


Our ultimate goal, however, is to eonstruet an operator representing (vr+ 0 vr^) ) on the vee- 

tor spaee earrying the representation 7r+ 0 vr^ oiUq{b~) ®Uq{b^). One of the main ingredients 
in the definition of the produet formula is the funetion eq{x) whieh is well-defined for |g| ^ 1 . 
We are here interested in the ease g = 6 G M. The funetion eq{x) ean not be used in this 

ease: The series (15.341) defining eq{x) is elearly singular for all rational values of 6 ^, and has bad 
eonvergenee properties otherwise. However, in order to preserve the most important properties 
of the universal R-matrix after renormalisation it will be suffieient to replaee the funetion eq{x) 
by a new speeial funetion whieh is well-defined for g = , 6 G M, and whieh has all the 

relevant properties eq{x) has. 


5.4.1 Canonical solution 

We had seen above that the funetional equation (15.361) plays a key role for ensuring that the 
produet formula satisfies the defining properties of the universal R-matrix. We therefore need to 
find a funetion 8^2 (w) that is well-defined for |g| = 1 and satisfies the funetional equation (15.361) . 
The physieal applieation we have in mind forees us to impose another important requirement: 
We want that the operator r+“(/x/A) is unitary for real /i/A, whieh is neeessary to get a unitary 
time evolution operator. Unitarity will hold if the funetion 81 , 2 ( 10 ) replaeing eq(w) in (15.331) 
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satisfies \£b 2 {w)\ = 1 for real positive w. We are now going to explain that unitarity fixes a 
unique solution to the funetional relation (15.361) when |g| = 1. 


It is by now pretty well-known how to find sueh a funetion A good replaeement for 

eq{w) will be the funetion £b 2 {w) defined as 


£b^{w) = exp (062(^log(w))) , 0^2(x) ;= 


dt 




(5.37) 


/R+io sinh( 6 f) sinh(f/ 6 ) 

The funetion £b 2 (w) defined in (15.371) is easily seen to fulfil the requirements formulated above. 
It is elosely related to the funetion e(x) := £b 2 {e‘^'^^^) ealled non-eompaet quantum diloga¬ 
rithm in [|Fa99l . Referenees eontaining useful lists of properties and further referenees inelude 
UFaKVl ByTl[r\^ . The funetional relation (15.361) is equivalent to the following finite differenee 
equation for Qb^ix), 


Dfe062 (a:) := 0^2 (x + ib/2) - 0^2 (x - ib/2) = - log(l + , (5.38) 


whieh has a eanonieal solution obtained by Fourier-transformation 


0,2(x)=-D,-Mog(l + e^"''") = 


(5.39) 


= D 


-1 


dt 


^—2itx 


dt 


~,—2itx 


jR+io sinh(f/ 6 ) jR+io sinh( 6 f) sinh(f/ 6 ) ’ 

The seeond equality in the last equation ean be verified by summing over residues. 


We will now argue that replaeing eq{w) by £b 2 {w) is the essentially unique ehoiee that not only 
solves the funetional relation (15.361) . but is also unitary. 

Note that (15.361) is formally equivalent to (£q(u))~^ ■ • £g(u) = -f vuv for any operators u, 

V satisfying the Weyl-algebra uv = g“^vu. We are going to argue that £b'^{w) is essentially the 
unique funetion of w whieh satisfies \£b2{w)\ = 1 for w G M’*' and 


(£^b 2 (u)) ^■v^-£’ 62 (u) = v^-fvuv, 


(5.40) 


for positive self-adjoint operators u, v satisfying the Weyl-algebra uv = g“^vu. As the funetion 
£b 2 {u) defined in (17.71) is unitary, it follows from (15.401) that -f vuv is self-adjoint. Working in 
a representation in whieh v is diagonal, one may use £b 2 {u) to map v^ -f vuv to diagonal form. 
Uniqueness of the speetral deeomposition of the self-adjoint operator v^ -f vuv implies that the 
most general operator whieh satisfies (15.401) is the form D = g{\/)£b' 2 {u). The only operators 
depending only on u whieh do this job are sealar multiples of £^b 2 (u). 


5.4.2 Minimality of the renormalization 

To round off the diseussion, we are going to argue that replaeing eq{w) by £b 2 (w) is in a preeise 
sense the minimal subtraction of the divergeneies Sq{w) has when q approaehes the unit eirele. 
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Let us note that Sb^i^w) ean be analytieally continued to complex values of b, allowing us to 
define it in the case where |g| < 1. We may then compare £’ 62 (re) to eq{w) in this regime. The 
integral defining ©62 (w) may be evaluated as a sum over residues in this case, giving 

8 b‘i{w) = eq{w)eq{w), g := , w ■.= . (5.41) 


This means that Sb^{u!) and eq{w) differ by quasi-constants, functions f{w) of w which satisfy 
f{q^w) = f{w). Such quasi-constants represent an ambiguity in the solution of the difference 
equation (15.361) that needs to be fixed by additional requirements, in general. 


The particular choice of quasi-constants appearing in (15.411) can be seen as the minimal mod¬ 
ification of the function eq{w) which is needed to get a function well-defined for all q on the 
unit circle |g| = 1. In order to see this, let us consider the function 9q{w) introduced in (15.341) 
as function of the complex parameter q. We will be interested in the behaviour of Oq{w) when 
q = 6^ = k/l -\- ie. The terms with n = rl in the sum defining 9q{w) will be singular for 

e —)■ 0. They behave as 


n{riye 


(5.42) 


The terms with n 

l/k + ied& 


rk in the series defining 9q{w) will similarly behave for q = 6^ = 


Ti{rkye 


w 


,rk 


(5.43) 


The divergent pieces in (15.421) and (15.431) will exactly cancel each other if te = w'^ and e = 
—eP/k'^, as is necessary to have 6^ = 6“^ -f 0{e'^). We thereby recognise the factor eq{w) 
in (15.411) as a minimal choice of a quasi-constant that cancels all the divergences that eq{w) 
develops when q approaches the unit circle. 


Taken together, the observations above motivate us to call £b^ (w) the canonical renormalisation 
of the function eq{w) which is defined for |g| = 1. The considerations above motivate us to 
regard the operator 

fr(A) = ft.(A)r+-(A), r+-(A):=£,.(AV.)&(A/f+)e*>'“«'"''“*"-, (5.44) 

where := u"^v^ as a renormalised version of the formal expression /d)■ The 

definition of the scalar factor p,en(A) will be discussed later. And it is indeed straightforward 
to check that the evolution operator constructed from r+“(A) reduces to the one constructed 
previously in Section U.3.3[ 


5.5 Building R-operators 

We’ve seen that the renormalization of the universal R-matrix provides us with r+~(A//i), the 
main ingredient for the construction of the time-evolution operator. In order to build the Q- 
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operators we need a seeond ingredient, the operator r++(A//i). There is a fairly easy way to get 
r++(A//i) from r+“(A//i). Note that 

L“(/i) = ■ jj,~^ {fi) (Ti ■ Jv , (5.45) 

where cxi = (? q ) > is the operator of Fourier-transformation whieh maps 

-^r'^r = ^r- (5.46) 

Observing that cr^L+ (/i)cr^ = (/i) ■ one may easily eheek that 

r++(A//i) ;= ■ r+-(A//x) , (5.47) 

will satisfy the defining relations (13.521) . 

It is furthermore not hard to show that the most general operator satisfying (13.521) ean be written 
in the form ?++(A//i)i7(z+), where z+ := v^u^. The ehoiee of the funetion H{z) will 

turn out to be irrelevant for our applieations to the lattiee Sinh-Gordon model, and may therefore 
be fixed by the eonvenient normalisation eondition r++(l) = Prs- 

In order to get useful explieit formulae for r+~(A//i) and r++(A//r) we may start from (15.441) . 
An alternative representation will be partieularly useful: 


r+ (A) = P„ ■ p;,(f+, g„) ■ , 

using the notations := and 

P^{w) Px{w)-.= 8^2 {Xw)8^2{\w-^) 


In order to derive (15.481) one may use the identity 

log Ur log Us _ „xrs'(('°gS^s)^“d°efAs)^) 


g7r6^ 


g 47rb-^ 


• P • T T 

I J y,J g ^ 


(5.48) 


(5.49) 


(5.50) 


whieh ean be verified by eomputing the matrix elements. 

By eombining (15.471) and (17.311) one finds immediately that f^s’''(A) = Pa z+),where 
fA ;= ■ ^8^ = u^Vr u^v7\ noting that z+ ;= J> ■ g.~ ■ We may now eonelude that 

r++(A) := Pr,PA(fi4), (5.51) 


is the unique solution of (13.521) whieh satisfies the normalisation eondition r++(l) = P^s. For 
the ease ofUq{si 2 ) we have thereby eompleted the ealeulation of the main ingredients needed to 
eonstruet fundamental R-operators and the eorresponding transfer matriees. The development 
of the theory in this ease is eontinued in Appendix [G] where it is shown how to reproduee the Q- 
operators for the lattiee Sinh-Gordon model previously eonstrueted in [ByTl | by other methods 
from our formulae for and r++ found above. In the main text we shall eontinue with the 
generalisation of these results for the ease of (Yg(slM)- 


49 


















6 R-operators from the universal R-matrix - case of Uq(s\M) 


We now generalise the discussion of the renormalisation of the real root contributions to the 
cases of lAq{s\M)- To begin with, we explain how to obtain the evolution operator from the 
universal R-matrix. One of the new issues that arises for M > 2 is due to the fact that we will 
need to consider a slightly larger family of representations. Instead of the representations vr^ 
we will need to consider pairs of mutually conjugate representations (7r+,7r+) and (7r“,7r“). 
In Subsection 16.31 we will explain how the factorised representations for the fundamental R- 
operators like (13.511) follow from the representation theory of 

In the rest of this section we derive useful explicit representations for the resulting R-operators, 
including a representation as an integral operator with an explicit kernel. The kernel becomes 
simplest when we consider a variant of the lattice model obtained from the twisted universal 
R-matrices introduced in Section 14.31 The fundamental transfer matrix T is shown to be 
a physical observable in the sense defined in Section 13.3.11 and the projection to the physical 
degrees of freedom is described precisely as an integral operator with explicit kernel. 


6.1 Representations in quantum space 


The connection between the integrable model defined in Section [3] and the representation theory 
of is encoded in the following relations 


L^(V ') = (^^)] 


( 6 . 1 ) 


where L'''(A), L~(A) = L“(A) were defined in Section [3.2.1[ are two universal R-matrices 
given in Section [5^ and 6^{x), 9~{x) are certain scalar factors. The relevant representations 
entering (16.11) are defined as follows 


1 ^x^fi) , 7r_)^(/ij) Ej j Ej_|_i j_|_i, (6.2) 


where Ejj are the matrix units Eij Eki = Sjk Eu and 




A 


q-q 


-1 


u/ Vi , 



A-i 


-1-Vi Ui+I , 

- q 


71^ (ki) = UiUi+\, 


tTa (ki) = ^ Ui+i. 


(6.3) 

(6.4) 


{vj, Ui}i=i_,,,^M generate the algebra >V, see (13.91) . It is easy to verify that (16.3L (16.41) satisfy, 
respectively, the defining relations of Uq{b^), (Yg(b+), see (14.11) . In particular the Serre relations 
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(14.41) . (14.51) follow from the exchange relations 


7 r+(/j/i) , TT {dej) = q ^^+ 1 ,^) vr (e^ei) . (6.5) 


We postpone to Section [8.2.2l the derivation of (16.11) by applying the relevant representations to 
the infinite product formula for the universal R-matrix given in Section 15.2[ A simple way to 
verify the identification (16.11) is to notice that 

M 

7r+) (g+*) = En Ui = (vr^ O vf;) (g"*) (6.6) 

i=l 

and check that the image of the reduced R-matrix satisfies the relations (I4.17L (14.181) . As op¬ 
posed to the direct evaluation of the product formula for the universal R-matrix, this procedure 
does not allow to determine the scalar factors 9'^{x), 6~{x). 

The relations (13.161) follow from the universal Yang-Baxter equation (14.231) upon noticing that 
the matrix R(a;, y) is obtained from the universal R-matrix as explained in Appendix IE.51 


6.2 Light-cone evolution operator from the universal R-matrix 


After we have identified the relevant representations in quantum space, see equations (16.31) . 
(16.41) . we will show how to obtain the operators from the product formula for the universal 
R-matrix. In order to clarify certain features of such expression for the infinite dimensional 
representations we are considering, we will focus our attention on 




p+-(A/i-i) L 


it; 


vr,, 


(6.7) 


As in the previous section, the notation [... ]ren indicates the use of a certain prescription for 
defining the infinite sums in the definition of The operator r~~^ can be obtained in a similar 
way, or just using the relation = 1, where a exchanges the tensor factors. The case 

Cl = 62 requires further considerations as both tensor factors correspond to the same Borel half. 
This case is considered in some details in Section [ 6 ^ 

The expression (16.71) provides us with a formal solution to the relations (13.521) which charac¬ 
terize the building block for the light-cone evolution operator. The key relation (13.521) follows 
directly from the special case 


■^12 ”^13 ”^23 ~ *^23 *^13 *^12 

of the universal Yang-Baxter equations (14.231) by applying vr^ (g) 0 7i~_i to this relation. In 

order to obtain the generators of the discrete time-evolution for the lattice models from (I6.7L 
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it is crucial that L”*" and L~ are obtained via (16.11) from and , respeetively. This faet re- 
fleets the respeetive orientations in the integration over light-like segments defining the elassieal 
eounterparts of L+ and L”, as was observed in HRiTL 

As summarized in Seetion lS^ the evaluation of the universal R-matrix eonsists of the following 
three steps: fix a eonvex order in A+(s[m), evaluate root veetors and finally substitute the root 
veetors in the produet formula (15.121) . This proeedure is straightforward upon following the 
instruetions in Seetion [5.2.1l and Appendix 1C. 1.21 We proeeed performing the first step. 


6.2.1 The image of root vectors under 7r+ and tt 


A key observation is that for the representations tt’*', most of the root veetors, for a speeifie 
ehoiee of eonvex order of positive roots, evaluate to zero. In the ease of 7r+, using the root 
ordering speeified in Appendix 1C. 1. 11 the only non-vanishing root veetors are given by 


=: fi, (6.8) 

7r+(/5-(.,-.M)) = (? - U-i • • • fi fo , (6.9) 

. ( 6 . 10 ) 

K q — q 

where c+ ;= q~^{q — q~^)^ ■ ■ ■ h = is eentral. For vf”, using the shorthand notation 

Cj = 7f“(ej), one obtains that the non-vanishing root veetors are given by 


^ (^(5—(ei 


71 



) = {q ^ -qy ' ^ • • • e*, 

- 6 ,)) = iq~^ -q)^~^eM..-ej, 
k q~^ — q ~ 


i <j, 


( 6 . 11 ) 

( 6 . 12 ) 

(6.13) 


where c_ := q{q ^ — q)^ • • • Si = A ^ is eentral. Notiee that we suppressed the depen- 

denee on the speetral parameter from the notation 7r+, 7f“. 

The equations above immediately follow from the exehange relations (16.51) and the definition of 
root veetors given in Seetion U.2.1l and Appendix 1C. 1.2[ 


6.2.2 The image of the universal R-matrix under 7r+ 0 vr 

The representations 7r+, 7t~ posses the remarkable feature that the imaginary root veetors are 
eentral. As a eonsequenee, the eontribution from the positive imaginary root to the universal 
R-matrix is a sealar faetor given by 

p+"(A/i"^) : = 
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(^A ) i^-s) 


ren 


(6.14) 






















We postpone the diseussion about the renormalisation of this expression for q on the unit eirele, 
whieh is the ease of interest to this paper, to Seetion[ 8 l 

Coneerning the eontribution of real positive roots 7 G eompare to (15.131) . the results 

of Seotion|6]2d] immediately imply 


(^A ® ) (A ® 


fj $§ ej if 7 G 

0 otherwise 


Moreover, these operators eommute among themselves 


(6.15) 


Xi Xj = Xj Xi, 


Xi ■= -{q - Q ® Bi. 


(6.16) 


It follows that 

[( 7 r+® 7 f;) = p+-{Xfi-^){F{x))-^q-^, 


where 


M 

(f (x))-‘ = n ■= , 

i=l 


(6.17) 


(6.18) 


where as in Seetion lS^ we took Sb 2 {uj) = [£<j(i^)]ren’ A 2 (cu) given in (15.371) and eq{u) = 
expg 2 {{q — q~^)~^uj). Let us eompare this expression with (13.431) . Using the definition (16.71) and 
the result (16.171) one finds 


r +(/iA ^) = [a(r+ (A/r ^))] ^ = F{x')q^, (6.19) 


where 

x'i ■= (uiVi 0 ViU'+\) . ( 6 . 20 ) 

The expression (16.191) eoineides with (13.431) upon taking = [Sb 2 {K^x)]~^. The faet that 

the renormalized expression (16.171) satisfies the intertwining relation (13.521) follows from the 
faet that (13.431) does. Notiee that x'^ is a positive self-adjoint operator for positive. 


6.3 Fundamental R-operator from the universal R-matrix 

After having eonstrueted the evolution operator, the next step is to eonstruet the fundamental R- 
operators. Our goal in this seetion will be to elaborate on the representation-theoretie meaning 
of the faetorised form (13.511) for the fundamental R-operators observed in Seetion 13.41 It will 
be useful to first eonsider whieh turns out to have the most direet relation to the universal 
R-matrix. The fundamental R-operator ean then be obtained simply via (13.551) . 
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6.3.1 More Lax-matrices 


First, let us note that admits a factorisation similar to (13.111) . We shall represent the 

matrix L+(A) T appearing as a factor in in the form 

L+(A)T = A-ij^L-(A) (6.21) 


where T = ^. the automorphism is defined via ^ (u*, v*) AF = (vi_i, Uj), and 

M 

L ('^) •= (uj Ejj + AvjEj+ii) . (6.22) 

i=l 

We note that the matrix T is the generator of the automorphism Zm in the fundamental repre¬ 
sentation. flyv; := represents the same generator of hM on W. 

Let us consider, a bit more generally 


e End(C^) 0 >V®>V, 61,62 (6.23) 


where L+(A) and L (A) = L (A) were defined in (13.141) and (I3.13L respectively, while and 
L~(A) and L+(A) are introduced as 


r M 


L+(A) = (l-jA-") 


^ ^ (oj Ejj A Vj Ej j_|_i^ 


i=l 


-1 


(6.24) 


The Lax operators L (A) and L+(A) can be obtained from the universal R-matrix as 

where 

^ u,+iVi, vr+(fci) = Uiur^\, 

A”! 

= g-1 _ g = LJ-^Ui+l. 

In order to find a relation between and 1^1 ns note that 

T-iL-(A) = AJ^- L+(A) ■ 

L-(A)T = -gA-ij^- L+(A) ■ 

where T and T are the automorphisms of W defined as 

7 -Wi- 7^^ = Vj , ■ Uj ■ 7~^ = v"^, 

7 -Mi- 7~^ = Uj+i, 7 7^^ = u,A,!i . 


(6.25) 

(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.30) 

(6.31) 
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(6.32) 


It follows that yu) and (/i, /i) are related by a similarity transformation, 

^A (/^> /^) ^ ^ 

This implies that can be obtained from an operator satisfying 

/^; /^) • (6-33) 

simply by applying the similarity transformation J'a ■= ^aJ^a- 


6.3.2 Factorisation 


As observed previously we may get operators satisfying (16.331) from the universal R- 

matrix in the following form 




/xxz/ 


(/i,/i; I/, I/) := ^ [(7r+1 (8)7r+i) 0 (vr^.i 0 7r__i) (6.34) 


The product of Lax-matrices appearing in the factorisation (16.231) represents the tensor prod¬ 
uct of representations vr” 0 of the Borel-subalgebra Wq(b+). It then follows from 
(A 0 id) {^) = ^ 13^23 and (id 0A) (M) = ^ 13^12 that the operator can be factorised 


as 


(/^, ^tb (/^’ •'Jb ^tb > (6-35) 

with factors u) all obtained from the universal R-matrix by evaluation in suitable rep¬ 


resentations as 


^. £{+■+}. (6.36) 

The factorised representation (16.351) for TZ'^^ implies similar representations for and 
7Z^^, as anticipated in (13.511) . 

Remark 5. The representations vf “ and tt” can the considered the conjugate of each other in the 
following sense: 

^tq-ixia) = (7rJ(^(a)))* , (6.37) 

where ^ is the antipode 


S^iei) = -e,k-\ y{f^) = = ( 6 . 38 ) 

and the involution * is the anti-automorphism of the algebra W defined by (uj, Vj)* = (u^"^, Vj). 
Notice that in (16.371) we introduced the representation relevant for the following sections. 
In the case of Uq{ 5 [ 2 ) one has 7fj( = 7rj(, Tfjl" = TrjJ'. One may further notice that Hxifi) = 
T^Zq-ix-M),T^^{h) = vr-(fc,"^). 
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6.3.3 Decoupling 


The representation is redueible, as ean be formally expressed as 




® <") A(a), 


a€i/,(b+), 


where tt™" and 'k'-™ are defined via 

ir»*’(e,) = 0, = C-', 


TT 







provided that we define 

= u^v-^ ® = Vi 0 Ui+i ■ C"^, vri, 

A := g2 (/i/i)~2 ;= . 


(6.39) 


(6.40) 

(6.41) 

(6.42) 

(6.43) 


Note that the operators Ui, Vj satisfy the eommutation relations of the algebra W, wile are 
central in the algebra generated by 1)^, and Q. The relation (16.391) can be easily verified on 
the generators e^, using the definition of the coproduct and the representations tt”, tt” given 
in (B, (lO^ . 

The factorisation (16.391) can alternatively be shown in the language of Lax matrices as follows. 
It is straightforward to see that /i) can be factorised as 


= L-"(/2,/i)A(C), 


(6.44) 


where 


L™"(/2, /r) = (1 - ^^(E.i - ft U,Vi E, 




^(EjiUj -/i Vi Ei+i,i), (6.45) 


using the definitions above. The fact that there exists p™‘"(A) such that 

'-"'"(ftrf = ^ [(4 ® %"':)(■«■)]„. ( 6 . 46 ) 

can either be verified directly, or follows more elegantly from the observations made below 
in Subsection I6.3.4[ Keeping in mind that matrix multiplication represents the action of the 
co-product one may deduce (16.391) from (16.441) . 

The factorisation (16.391) will be the representation theoretic root of the decoupling of ’’unphys¬ 
ical” degrees of freedom observed in Section [6. 9. 2[ It will imply that the operator con¬ 
structed in the factorised form (16.351) admits a similar factorisation into two factors acting non- 
trivially only in and 7r‘"'', respectively, as will be verified by explicit calculation below. 
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6.3.4 Relation to evaluation representation 


It is useful to notice that the representation vr™'" can be extended to a representation of the full 
affine algebra Uq{Q{j^), as can be seen in the following way. Note that the spectral parameter 
dependence of the matrix entries of /i) takes the following form 


M 

L™"(/x,/i) =5^E4U + /i/x^-iU) 

i=l 


_ M 

+ /i 2 



5 ]; E,, L,, + Eq, u,), 

i>j 


(6.47) 


where Ea, La and 1,^ are operators independent of the spectral parameter and LjjLjj is central. 
The fact that the representation vr™" extends from Wq(b+) to a representation of follows 

from the known fact that Lax matrices satisfying (13.161) which have the form (16.471) with central 
q^< ■= LjjLji one may get a representation of by setting 

'-■.■+1 '-.7. U+1, , (6.48) 

<(/*) = L.7- (6.49) 

The extension of the representation vr™" to all of Wq(gljy^) is thereby recognised as a particular 
representation vr^'' of evaluation type. 

Remark 6. By a similar analysis as the one presented in Section [6.3.3l it is easy to argue that 


(7r+ 0 • • • (g) 7r+^) 0 o ev) A , (6.50) 

*• / N /M- . N — 

where tt {fi) = 0 and ^ denotes a representation of Uq[slM) on L^(R 2 ). If the 

parameters {A^} are generic, this is an irreducible representation. 


6.4 r++ from the universal R-matrix 

In order to construct fundamental R-matrices and Q-operators, see Section 13.41 we need to 
determine the other building blocks. We shall start with 

r+-(A/i-i) = [(^A ® > (6.51) 

appearing in the expression (16.351) for the fundamental R-operator 7^'™(/i, /i; z/, u) 

In the following we obtain a regularized version of (7r+ 0 from the product formula for 

the universal R-matrix and show explicitly that (A) satisfies the intertwining property (13.521) . 
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In the case of vr , using the root ordering specified in Appendix IC.l.ll the only non-vanishing 
root vectors are given by 


q m\ ^ 

~i —y’ ' 
q ^ -q 


=: Bi = - _ y^ ^y^+i, 


-/ s . _i q M X ^ 

TTx [es-iei-eM)) = [Q “ Sq 61... e^-i = —-J y^ y^ , 


q-^ - q 


,-l 


- 1 ) 


fe-l-1 


(6.52a) 

(6.52b) 

(6.52c) 


k q~^ — q 

where = q {q~^ — q)^ ei... Bm = A“^ is central. 

As in Section [ 6 . 2.2 1 the contribution form the positive imaginary root to the universal R-matrix 
is a scalar factor given by 


p+ (A/i 1) := [(vr+OvrJ • 

The renormalization prescription and its explicit form are discussed in Section [ 8 l 


(6.53) 


Concerning the contribution of real positive roots 7 G A(j:(gl^) the result of Section [6.2.11 
together with (16.521) immediately implies 


(vr+Ovr^) (/^Oe^) = ^ < 


w. 

, 1 —i 


if7 = ai, i e {1 ,... ,M - 1} 

... Wi_i if 7 = 5 - (e* - Cm) , « e {1 ,..., M - 1 } 
0 otherwise 

(6.54) 

Where = q — q~^ and Wj := —fj (g) e* satisfy the abelian current algebra on the lattice, see 
e.g. [|FiV93|| 


VJiVJj = 


(6.55) 


It follows that 


M —1 factors 


)]ren=/^^ ^) ^62 (Wl) . . . £^2 (w^-l) X 


X Sb2 {q^ ^Wo . . . WM-2) .■■Sb2 (wo) q 


-T 


(6.56) 


M—l factors 


where q^ is given in (16.171) and the renormalization prescription for the quantum exponential is 
the same as in (16.171) . Notice that Wj = A/i“^ 0 v-ux^ are positive self adjoint operator for 

A/r“^ real and positive. 


6.5 Intertwining properties and useful expressions for 

We now consider the operator r++(A) appearing in the factorised representation (13.511) for 7?.^^. 
The case of r (A) is very similar. We first introduce an operator r'++(A) related to the operator 
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r+ (A) constructed in the previous subsection as 

r'++(A) = (1 0 J^) ■ r+-(A) • {n ® . (6.57) 

Our next goal will be to verify that our renormalisation prescription for the universal R-matrix 
guarantees that the intertwining relations (13.521) are satisfied. To this aim we shall identify 


conditions that ensure that an operator (A^, Xb) represents a solution of 

['':t(Aa,A,)]"'L:(A,) L+(A6) r++(A,,Afe) = L+(Afe) L:(A,) , (6.58) 

where L+(A) is defined in (13.141) . It will then be easy to verify that the operator given by 
(16.571) . (16.561) satisfies these conditions. It will be convenient to introduce 

Kt = (6.59) 

We temporarily suppress the dependence on the spectral parameters Aa,6 in our notations. The 
intertwining relation (16.581) implies the following commutation relations 

[Kb ^ ^i+hayi,b] = 0, [Kt, ^i,aUi,b] = 0, (6.60) 

(•^a yi,b^i+l,a T X^ ^ ab ^ ab K'b T •^a . (6.61) 

In order to solve (16.601) we define 

w* ;= , (6.62) 

m ■■= yi,by^ ^i,b . (6.63) 


One may put extra a b indices on w, rj, this will not be done here as no ambiguity arises. These 
variables generate the subalgebra of >V (8) W that commutes with Vj+i ^Vj ^ and compare 

to (16.601) . They give rise to two mutually commutative copies of the (7(1) current algebra on the 
lattice, compare to (16.551) . with opposite charge, 


Wj Wj 

= q Wj Wj , 

(6.64) 

ViVj 

= g + 2(<5ij + l-<5i+l,j) ^ 

(6.65) 

rjiWj 

= Wj? 7 j. 

(6.66) 


Any function of the operators Wj, rji will satisfy (16.601) . Turning our attention to the conditions 
(16.611) . let us note that these equations can be rewritten as 

(vi,6Ui+i,„) f++ = (z + gWj)"^ r++ (1 + z qv^i) , (6.67) 

where z := A^A“7 Noting that (vj^^ Uj+i^a) one recognises 

(16.671) as a difference equation restricting the dependence of on the operators Wj. 
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6.5.1 First formula for r++ 


In this section we will show that any expression of the form 


S++ _ 

' ab ~ 




e{wi) e{\Ni_2) ■■■ 6 '( wi _( m - i )) ( 6 . 68 ) 

X h{z’^~^ \Ni_^M-1)) ■ ■ ■ h{z‘^\Ni_ 2 ) h{z\Ni ), 

will represent a solution of (16.671) provided that the function h{x) satisfies the relations 

h{q'^^x) = h{q~^x) (1 + x) , 6{x) := h{x)h{x~^). (6.69) 


In (16.681) we have been using the notations Wj ^ := g* ^ Wj 


w, 


i+l 


v\ij. Notice that the q power 


in front of this expression is such that Wj_j = Q^e furthermore has 6{q^^x) = 

x9{q~^x). It is manifest that for z = 1 one has = 1. The fact that ( 16 . 681 ) solves ( 16 . 671 ) 
for i = 1 is immediately verified by using the properties ( 16 . 691 ) and observing that the products 
wi_fc are invariant under the conjugation in the left hand side of ( 16 . 671 ) for 2 < k < M. In order 
to complete the proof that ( 16 . 681 ) provides the desired solution it is enough to show that it is 
cyclic invariant, i.e. it does not change upon substituting Wj with w^+i. In order to do so we find 
it convenient to rewrite 


f++ _ 

' ab 


= T^h{z\N 2 )h{zw 3 ) ...h{zwM)h{z vJi_{m-i)) ••• h{z Wi_ 2 ) h{z\Ni), (6.70) 


where 


T - ^ 1 


d{\Ni_(M-l)) 9 {\Nm-i) 9{w 2) 9{wi) 


(6.71) 


The quantity is cyclic invariant by itself. This can be shown moving the the last factor on 
the right of (16.711) to the left and using basic properties of the function 9{x). In order to show 
that the remaining factor in (16.701) is cyclic one uses the pentagon relation 


h{y)h{x) = h{x) h{q^\y) h{y), 


xy = q ^yX, 


(6.72) 


Details are left to Appendix IF. II We have thus singled out (16.691) and (16.721) as the properties 
of the special function h{x) necessary in order for (16.681) to solve (16.671) . These properties are 
satisfied by Sb 2 {x) IIFa99[ iFaKVI IX^ . so we will set h{x) = Sb^ix). The function efe(x) = 
Sb 2 {e'^'^^^) satisfies the inversion relation 


eb{x)eb{-x) = CftC* 

which implies that = (^b 




Cb = e 


(6.73) 
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6.5.2 r++ via the Universal R-matrix: comparison 


One should note, however that equation (16.581) ean not determine uniquely. Reeall that the 
variables rj eommute with the variables w and satisfy (16.601) . They furthermore eommute with 
Vi,b Multiplying a given solution of (16.581) by any funetion of the operators r/j will 

therefore give us another solution of (16.581) . 

In Seetion [6.5.1l we demonstrated that the operator (A, /i) defined using (16.681) in (16.591) is a 
solution to (16.581) . We expect that the operator r'(/iA“^) defined by a suitable renormalisation 
of the formal expression following from the universal R-matrix in Section[6]4]represents another 
solution to (16.581) . We shall now clarify the relation between the two operators. It is expressed 
by the following formula 

= r+|(A,/i)T,, (6.74) 

where takes the same form as T^, defined in (16.711) . with the function 9{x) replaced by 
its inverse 9~^{x). It follows immediately from relation (16.741) that the operator indeed 
solves the intertwining relation (16.581) . as expected. The presence of the factor reflects the 
ambiguity in the solution of (16.581) noted above. 

Proof of (16.741) : It follows from (16.571) and (16.561) that 

= AC, F(*)5C,'. (6,75) 

where 

F(w) = £^b 2 (wi ).. ■ • • wm- 2 ) • (6.76) 

Mab ■.= ^abJ^b 7”^“^ . Sab := J^b , (6.77) 

and Wj = /iA“^ (g) v^u”^. In order to derive (16.741) from (16.751) we need to take two simple 

steps: (i) Study the action of the similarity transform Sab, and (ii) derive a useful expression for 
the operator Mab- Concerning point (i), it is easy to show that 

Sab'^t Sfk = (6.78) 

where Wj is defined in (16.621) . while z = fx For taking the second step (ii), it is useful to 
note the following identity 

A4b = TwT,, (6.79) 

where is defined in (16.711) and takes the same form as Tw with the function 9{x) replaced 
by its inverse 9~^{x). This identity can be shown by computing the matrix elements of both 
sides. One may further notice that T,, ^ satisfy the relations 

TwWjT"^ = Wil\, T^r]iT-^ = (6.80) 

The relation (16.741) simply follows from (16.751) . (I6.78L (16.791) and (16.701) . □ 
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6.5.3 r++ satisfies the Yang-Baxter equation 


We have seen that the intertwining relation (16.581) does not fix ?++ uniquely. Here we adress the 
natural question of whether the Yang-Baxter equation for ?++ fixes this ambiguity. A solution 
of (16.581) is given by 


= '^abPzi'J^ab) fziVab) , Z = Xf, . (6.81) 

Here Wab and rjab are defined in (16.621) . (16.631) . moreover pziv^ab) is defined by (16.701) and fziVab) 
is any function of p. The Yang-Baxter equation for r++ can be brought to the braid-type form 

fz{vi)pzM fzw {V2) pzw M fwivi) pwi'^i) = 

( 6 . 82 ) 

= fw{V2) Pwiy^l) fzw{Tll) Pz«,(wi) fz{ri2) Pz{y^2) , 

where pi = pba, wi = vjba, V 2 = Pcb, '^2 = vjcb- The important observation to be made is 
that pa,i W/ 3 j = wisj pa,i, whcrc a, /3 = 1, 2. For this reason the braid relation above can be 
disentangled into two relations 

fzivi) fzw{V2) fwivi) = fw{V2) fzwivi) fz{V2 ), (6.83) 

P^(Wl)p^^„(w2)p^(Wl) = Pw(y\l2) PzwivJl) Pz{vJ2) ■ (6.84) 

We conclude that a solution to (16.581) of the form (16.811) satisfies the Yang-Baxter equation 
provided that fz and pz satisfy the braid relations (16.831) . (16.841) . In the discussion above we 
took fw{p) to be either 1 or proportional to T^, see (16.801) . One may observe that = 

Appendix IF. 21 we verify (16.841) directly. 

The considerations above imply in particular that the normalised R-operator r++ satisfies the 
same Yang-Baxter equation as the R-operator coming from the universal R-matrix. 


6.6 Another useful expression for f++ 


We are now going to derive another expression for the operator that will be very useful for 
deriving representations as integral operators. The operator can be represented as 


r 


-i-i- 
a b 


/ 


ds p++(s)w(s), 


M 

ds = 5(stot) , 

i=l 


w(s) := , (6.85) 


where Sjot = J2iLi ^ q = e and 


M 

p++(s) = n ^h{ihsk,k+i - n + Cft), 
k=l 


Nz-.= 


^7viv‘^ 


M(M-l) 

2 


Sb{cb - Mv) ’ 


( 6 . 86 ) 
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using the notations Sij = Si — sj, v = (27r6) ^log z. The speeial funetion Sb{x) is a elose 
relative of eb{x) defined as 

l/TT 2 

Sfe(x) = Cb " eb(x). (6.87) 


In order to derive (I6.85L let us introduee the notation = {27ib) Hogw^ and xi_k := 
(27r6)“^log wi_fc = xi + ■ • ■ + Xfc. From the exehange relations (16.641) it follows that 


[xj,Xj] — 271 -^ ) 


( 6 . 88 ) 


where the indiees are taken modulo M. Consider (16.681) and rewrite eaeh term using UFaKVIl 

pi-n-v^p-277ivxi_k f 

^ - = Co"' / duu (eb(r; - uu - Cb))"' , (6.89) 

(6.90) 


6 '(wi.fc) eb(xi_fc - v) 

= eb(fcy + xi.fc) = Co+' [ + 


where Co = 4 c 2 )/i 2 ^j-gp j-g gj-Q^p non-eommuting exponentials (using the 

relation when [A, B] is eentral) as follows 


^p-2mxiLi ^-2-tTixi_M-l LM-l'j ^p-2TTixi_M-l Rm- 1 p-2-!Tixi Ri'j _ 


= e w(s), 


(6.91) 


where Zi = {Li — Ri)/2 and Li + Ri = ib{si — Sj+i) with -Si = 0 and Sjj = Si — Sj. With 
this ehange of variables we rewrite 


M 


(16381) = n dsiS{st, 

d 1=1 


:ot. 


W S 


M-1 

n 


k=l 


^—2'Kikv (a^- 


-c,) f eb(afc - z) 


27Tiz pk 


(6.92) 


eb( 6 fc - z) 

where 

b b 

cik Cb T i~ Sk^k+i ) R ^2 ^k,k+i Cb , Pk ib Sk^M k V. (6.93) 

Notiee that the integration has deeomposed into the integration over s and the produet of M — 1 


integrals over the variable 2 ;. These integrals ean be done using iFaKVl ByTl | 


^b{v y) ^-2niwy _ ^b{v U Cb)Sb{w + Cb) ^-Tri-wju+v) 
eb{u - y) Sb{v - u + w - Cb) 


(6.94) 


Note that the term in parenthesis in (16.921) ean be simplified by using the identity 


M-l 

n 

k=l 


Sb(&Sfc,fc+i + iv)Sb{bsM,k + ikv) 


M 


Sb(&SM,fc+i + i{k + 1)^^) Sb{iMv) 


Sb(& Sk,k+i + iv) , (6.95) 


whieh holds for any funetion Sb(x). The relation (16.851) immediately follows upon setting 

Sb(a:) := Sb(ia; + Cb). 
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Let us finally note that (16.851) gives us a eonvenient way to re-prove that satisfies (16.671) . 

Inserting (16.851) into (16.671) one finds that (16.671) will hold if /C^(s) := 

satisfies 

0 = /C^(s)(2;t. -l) + /C^(s-(5i + no)(l-^7^t._i), := , (6.96) 

where Vq = -^(1,1,... ,1) and 6i is a M-veetor with zero everywhere exept at position i. In 
deriving (16.961) we made use of the following property: w(s + avo) = w(s) for an an arbitrary 
eonstant a. This will be the case if 

M 

/C.(s) = (6.97) 

i=l 

provided that /^(x) satisfies /^(g“^x) = (1 — zx)fz{x), as is clearly the case when /^(x) is 

chosen as^ {S^ 2 {-qztj))~^ . 


6.7 The twisted story 


We had previously observed the possibility to modify the universal R-matrices by using Drinfeld 
twists. It is natural to ask what is the integrable lattice model constructed from the twisted 
R-matrice^. We will consider the simple twist introduced in Section 14.31 Some remarkable 
simplifications will later emerge in this case. 

Let us first consider (tt^ $$ and (vr^ ® 7i~){^). The resulting Lax matrices are 


f-1 1 


M 


= ^(U) ( 1 + 7™""- Vi,2a-1 ^ii+1 J , 


2 = 1 


M 


=(1-7 V^)(l-7 ^/i^Vi,2aE 
where u and u' are defined as 


-1 

i+li I A(u ) , 


2=1 


(6.98) 

(6.99) 


Ui,2a-1 — ]^(Uj,2a-l) — ]^(Ui,2a) • (6.100) 

j i 

and Xjj is given in (14.251) . The only non-trivial commutation relations involving the variables 
above are given by 


Uj,2a-1 Vj,2a-1 — 7^ ^ j,2a-l ^i,2a-l i 

^ The same twist has been used in MIS03I . 


= 7 '^^’'+^ ^V,-2aQ',2a' 


( 6 . 101 ) 
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The algebra generated by the matrix elements of £(/i, /i) = L (/i)L+(/i) has generators 



'^i,2a '^i+l,2a-l 5 


Uj,a ^j,2a^*,2a—1 • 


The physical degrees of freedom are conveniently represented by 


X*,2a '^i,2a+l'^i,2a y 


Xi,2a-1 — ^i,2a'^i,2a^i,2a-l^i+l,2a-l y 


( 6 . 102 ) 


(6.103) 


they satisfy the same algebra as Xi,m- The light-cone evolution operators are now found to be 


N M 

0: = c.,, j] j] j,( , 0- = 0: c-', (6.104) 

a=l i=l 

where 

U ;= ~ 2(7rb'^V ^ ^°s(ui,a) Xij log(uj'fe). (6.105) 

^ id 

The equations of motion (13.51) are unchanged. This means that the integrable lattice model 
constructed from the twisted universal R-matrices is as good as a regularisation of the affine 
Toda theory as the original one. 

In order to clarify how much replacing the universal R-matrix by modifies the integrable 
lattice models constructed using these universal R-matrices let us temporarily consider more 
general twist elements of the form ^ with matrix Xij appearing in (14.251) left arbi¬ 

trary. The Lax matrices obtained from ^ always take the form 


M 


L+((i) = A(y^) f A(y*) = Y, {4 E„ + b+ E„+i) , 


i=l 


L-(ii) =A(f)lA(4) = (l-q-4’-') 




M 


Y (M-' Ei,i - b- E.+i,i) 


i=l 


-1 


(6.106) 


where 


M 


M-l 1 \ 

= l + g M ^ 
^ i=l 


M 






(6.107) 


2=1 


The dependence on the twist is encoded in the form of the variables yf, yf, yf, yf in terms of Uj, 
Vj. The explicit expressions will not be used in the following. The gauge invariant combinations 


are 


Xi,2a-l — 


yf+1 


yf 


2a 


^izr 


yr+i 


2a-l 


b a 

I I 


2a 


bt 


* .^+ 


a4i/2a-l 


Xi,2a 1 yi+\ - r 


1 

yi / 2a 


7? yf +1 

di / 2a+l 


~ ' ar+i 4 


2 a V aj 


(6.108) 


2a-|-l 
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It is not hard to see that the algebraie relations and the diserete equation of motion satisfied by 
the Xi^k are independent of Xij. Let us furthermore note that for generie Xij we have 

t(A) = T(A)1^^. (6.109) 

where T(A) is the monodromy matrix defined from in the same way as T(A) is built from 
L'^(/i). In order to verify (16.1091) it suffices to note that 

MiX) = A(yf)-'7U'(A)A(yf), 7U'(A) = ■ ■ ■ Aif, (6.110) 

where 

A2a := A(y^_,_]^ y2a) 5 ^2a-i := A(y^ y2Q_]^). (6.111) 

Notice that the matrices A^ contain only gauge invariant combinations. Moreover, one can 
verify that the effect of the similarity transform A(yf) on the transfer matrix is the same for 
any value of the twist. We conclude that the twist only modifies the way the variables Xi,k are 
constructed out of the basic variables u* ^ and Vj fc. It will turn out, however, that some choices 
of Xij are more convenient to work with than others. 


6.8 Assembling the fundamental R-operators 

6.8.1 Preparations 


We had previously observed that the Lax-matrices of our interest can be represented in a fac¬ 
torised form, £a(A) = L^(/2 )L+(/r). We are using the notation A = (a, a) and will denote the 
Hilbert space the matrix elements of £a(A) are realised on by Ha = Ha ® Ha- It follows that 
the corresponding fundamental R-operators can be obtained from 

( 6 . 112 ) 


Our goal is to find more explicit representations for the operators TZab- We begin by displaying 
the structure of the ingredients in a convenient form: 


= F-^p--{Wab), 

where Xab, '^ab and denote the collection of operators 


\N\ 

\N 


ib = {^i^i+l)a {^i^^i)b ’ 

ib = (viU,+i)_ (vr^u-^)-, , 


Xab • (*^1+1a )fe ' 


We may thereby represent TZab in the following form: 


(6.113a) 


(6.113b) 


TZABiHP-, = PaB ■ [^f,/ui^AB)] P;!/+(xAs)Pp/^(yAB) ' ^p/f,{^AB) , (6.114) 
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where 


Xab := Q ■ <b ■ = (vi (u,+\ u,)_ (v, 1 u,)^ , 

y'ab ■= ■ wk ■ = (vi Ui+i)- (ui+i u-^), (u, vri)^ . 


(6.115) 


and zab = Xab- will be useful to observe that the operators and can be expressed 

in terms of operators y\, and defined as 


(Ua)^ = (u*vj- (ViU.+\)^ , 


v^= (Q)-W^, 
%= 


A ^i+l,a ^i+^,0, ■ (6.116) 


Notice that the operators C\ are central in the algebra generated by the combinations (16.1161) . 
while \}\, satisfy the defining relations of the algebra >Vm- 

The result is most conveniently expressed in the form 


Xab “ (^ab) ^ (^ab) ^ > 

y\B = {AByH^B)-\ABYK 


AB = ^\y\iyBT'^^B 


(6.117) 


This representation makes clear that the operator Pab"7^ab commutes with C\ and C^. Noting 
that = C*a- A = (a, a) (2a, 2a — 1), it becomes easy to see that the fundamental 
transfer matrices T(/i, /x; V, u) defined as T(/i, /x; i/, z/) = C ■ T(/x, /x; P, u), where C is the shift 
operator, commute with 02 ^_j. 

In order to show that the fundamental transfer matrices T(/x,/x; P, z/) also commute with 
let us note that the cyclic symmetry of the trace allows us to rewrite the definition of 
T(/x,/x; P, z/) in terms of the fundamental R-operators TZ'ab associated to the Lax-matrices 
C'a{X) = L+(/i)L^(/x). The corresponding fundamental R-operator TZ'ab may be represented as 


^Ab(P,P; ''afe^(^/p) '^ab Cb (^//^) ' (6.118) 


A straightforward generalisation of the analysis above leads to the conclusion that Pab^ab 
commutes with and C^, defined as 

Ca := (Vi (vri := (v^ uj^ (vr^ . (6.119) 

Noting that if ^ = (a, h) (2a + 1, 2a) leads to the conclusion that T(/x, /x; P, z/) 

commutes with Taken together we have shown that the fundamental transfer matrix is a 
physical observable. 


XXZ-type chains. One may also consider TZ^ defined as 

^AB (P) p; P, (p/p) r~fe" (z^/p) r-f (p/p) r^- (z///x), 


( 6 . 120 ) 
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with (1) = Pab, r_^ (1) = P^g. The operator TZ^ is related to the lattice affine Toda 
fundamental R-operator = TZab vit@ 

7^^^^(/i,/i;P,z/) = (6.121) 

It follows that takes the form (16.1141) with 

(xa_b, Yab, 'Z-ab)^^^ = S {xab, Yab, ^ab)^^ , S := ■ {TaJ^b)~^ ■ (6.122) 


6.8.2 Twisted lattice affine Toda 


One may easily carry out the same analysis for the R-operators coming from the twisted univer¬ 
sal R-matrices see (14.281) . The formulae for the ingredients are very similar 

Cr(^) = 


ab 


-{u) = , 


~^-ah (^) = ^-abP. fe), 


(6.123a) 


where Xab, '^ab and are now given by the expressions 


w, 


Xab • '^i,a '^i,b i 


ab 


= (Ui+\ViUi+\)^ vj, 




(6.123b) 


Wab = Vi,a (Ui V, UJ5 


The rest of the analysis proceeds as before. The resulting formula for the operator 
RAs(/i, p; P, u) is very similar to formula (16.1171) . the only changes being that one needs to 
replace the expression for in (16.1171) by 


i-lN-l 


Zab = V), (V-^) 


(6.124) 


= \-a , 
% = \\b • 


(6.125) 


and that one now needs to define 

i^A?= (uNi),(v,U-+\)^ , 

(Q)^ = Vi+l,a , 

This innocent-looking modification has important consequences. For application to integrable 
lattice models it is helpful to have a formula for the kernel of TZab (p, P; F, i^) that is as simple as 
possible. Such a formula will be derived shortly for the operator 1Zab{^i P; P, obtained from 
the twisted R-matrices ^±, taking advantage of the fact that is diagonal in representations 
where \l\ and are diagonal. 


We may observe, on the other hand, that it is impossible to diagonalise the families of operators 
{ 0 ( 4 )/)^; i = 1 ,..., M} and {(V^)~^U^^; i = 1 ,... M} simultaneously as the operators in 
these families do not mutually commute for different values of the index i. This means that 
it will be much more convenient to work with integrable lattice models build from the twisted 
universal i?-matrices M± rather than the original ones. 

^ This equation differs from (13.551 1 by a similarity transform originating form the definition of see (13.221 1. 


68 















6.8.3 Factorization from the universal R-matrix. 


In all the cases above were able to express the R-operators in terms of the operators \/i^R, 
Ci^R, R = A, B generating a sub-algebra of the algebra of all operators acting on Ra ®'Hb 
which has a center generated by the operators CjWe will now see that this phenomenon has 
a natural representation-theoretic explanation. 


We had observed in Section [6 .3 .31 that the tensor product ® is isomorphic to the tensor 
product of a representation of evaluation type with a trivial representation. A similar statement 
holds for the tensor product (g) . The precise statement is 

(7r+ (g) TT^J A(a) = 0 tt'"'') A(a), a G Uq{b ~), (6.126) 


where tt™" and R™ are defined via 

<"(/■> = Vf (k Ui + v) , <"(,'■) = Ui, 

provided that we define 

= UiV"\ 0 Ui 0 Vi ■ Q+i, C] = UiV^.i 0 Ui vA\ , 

A := (AiA 2 )^ h '■= (A]^A 2 . 


(6.127) 

(6.128) 

(6.129) 

(6.130) 


The isomorphisms (16.391) and (16.1261) implies, upon assuming the validity of (I4.9bl) . that the 
R-operator /r; z/, v) has besides (16.351) another factorisation of the schematic form 


Tp/XXZ _ 'ypl, 

AB — '^AB 


(min)(gi(min) .^(min)(8i(triv).^ (triv)®(min) (triv)(8i(triv) 


'AB 


n 


■AB 




'AB 


(6.131) 


from TZ'^b- 


Rewriting TZ'^b the form (16.1311) will allow us to extract 
This is done as follows. Let us start from (16.351) . repeated here for convenience: 

T^'ab = rj {r r+fT (/i, v) r+-- (/2, z/) rj” (/i, v). (6.132) 

Introducing the notation 

'^x"yW^^) = , a''"' = ® , (6.133) 

and moving the factors to the right we see that can indeed be written in the form 

(16.1311) with 

(6.134) 

where we used the notation 

^tA'-—'^i,A^i+l,A-i ^tA'-—^i+l,jyi,Ai ^i,B ^i,B'^i,B i ^i,B i,B^i,B i (6.135) 

and the relation 

g-(ta6+ta6-Ht^b-Hta6) ^ ^-^AB ^^n)(8i(triv)(min) .^^nv)®(triv) ^^5) 
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6.9 Representation as integral operators 


The generalized Baxter equation to be derived in the next seetion beeomes an effieient tool for 
the ealeulation of the speetrum of the affine Toda theories onee it is supplemented by eertain 
informations about the analytie properties of the Q-operators. In order to derive this information 
it will be useful to represent the Q-operators as integral operators, which will allow us to deduce 
the relevant information from the analytic properties of the kernels representing Q(A), as was 
done in [|ByTl| for the Sinh-Gordon case. 


Our first goal is therefore to present a representation of the fundamental R-operator 
RAsifi: as an integral operator. 


6.9.1 Kernel of fundamental R-operator 

We shall now compute the kernel of /r; i/, u). This operator may be represented as in 

(16.114L where now 

= Vi, (V’b)-'. (6.137) 

Let K v, v) := /r; z/, v). As 7^™ commutes with and it suffices to 

consider the operator obtained from by replacing the representation for the operators 
U^, Ug, and following from (16.1251) by a representation where these operators act on a 
Hilbert space spanned by states {x^x' \ such that 

(x, ?/1 = (x, r/1 , (6.138) 

using the notations Xij := Xi — Xj. Our task is thereby reduced to the calculation of the matrix 
elements of the operator where 

1 . .1 (o.lJy) 

Vab = ‘^{^ab)~^^- 


It is useful to represent the operators Pf^/^i'X-AB) Pp,/piyAB) using a non-commutative gener¬ 
alisation of the Fourier transformation in the form 


pt^i^AB) = [ dp{s) p-l^{s)X{s), 
Jrm 

Px~iyAB) = [ dp{t) p^-(t) Y{t), 


M 


AB I ) 


X(s) := exp (^^X^Silogx 
Y{t) := exp ^ ^ ti logy ab ] > 


2 = 1 


(6.140) 


using the notation dp{s) = H^i dsi ^i)- Working in a representation where and 

are represented as operators generating shifts of x and y, respectively, leads to the following 
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form for the matrix elements of X(s)Y (t). 


{x,y\X{s)Y{t)\x',y') = (6.141) 

= y'i^ 

i 

^ g-7risi(x-3/)i_i+i ^+iTiti{x'-y')i-i^i 

= + + y'i^ 

i 

X ^-m{x-x')i{x+x’)i^i+i ^m{y-y')i{y+y’)i.i^i ^2■xix^y^ ^J_^ _ 

Thanks to the delta-funetions in (16.1411) . the kernel of the operator y] f', defined as 

R-y„y,-u,v{x,y\x\y') ■= {x,y\ Ras(/ 2,/i; z^) \x\y’), (6.142) 

becomes fully factorised, 

Ry.,yi-X,A^^yW ^y') = (6.143) 

= 5{x- x')5{y - y') y) x') W^/-^{y, y') W^p^ix', y '), 

using the notation x = J2iLi for the sum of the components of a vector x G and 

W^*{x,x') = W^'{x',x) = - x '), (6.144a) 

W;\x,y) = {Wti^{x,y))-^ = e"'^("’^)v;(a; - y ); (6.144b) 

We are using the notation P{x,y) = J2iLii^iyi+i ~ yiXi+i) and w = ^logA. The explicit 
formulae for the functions appearing in these expressions are 


>4.(0) 

_ TT 1 

^b{si,i+i + w) ’ 

(6.145a) 


M 


>4(0) 


(6.145b) 


i=l 



The resulting expression resembles the one found for the generalised chiral Potts models found 
in IBaKMSifPJMML 

Using (13.551) it is easy to get the kernel of TZAsiy, y, z^) from the kernel of 7?.™(/2, /r; P, v). 


6.9.2 Fundamental transfer matrices 

Having the kernel RAsifi, y, P, it is straightforward to compute the kernel representing the 
fundamental transfer matrices T(/i, p; P, z/) in an auxiliary representation for R = <S)a=i ^2a ® 
'R 2 a-i that is defined as follows. Let us introduce the operators Uj^a = Uj^ 2 aUi, 2 a-i commuting 


71 









with Cj ^ = Cj 2 a-i- The operators and Vj^a = (Xi, 2 a-i)^ satisfy the defining relations of the 
algebra W. We may furthermore introduee the operators := (ui, 2 a)“^Ui, 2 a-i eommuting 
with and The representation of Wm ® y^M defined on a Hilbert-spaee Ha — 
in terms of the operators Ui^ 2 a, '^i, 2 a-i and Vj^ 2 a-i is then unitarily equivalent to a represen¬ 
tation on a Hilbert spaee represented by wave-funetions '0(2/a, Ca) G sueh that Ui,a, 

Vj,a Q,a and Di^a are represented as 


Ui,a Ca) = Ca) , 

Vi,a V’(2/a, Ca) = Ca) , 


^j,a '4^{,ya) Ca) C^ a Ca) , 

Di,a 'IpiVa, Ca) = 'IpiVa, Ca + ifeCj) , 


(6.146) 


where e* is the veetor in with j-th eomponent being Sij — The veetors in "H = 
(S)^i H 2 a ® H 2 a-i will aeeordingly be represented by wave-funetions c) G L^(R^^^), 
where y = (yi,..., vn), c = (ci,..., cn). 

If Rfi^^.y^y{x,y\x', y') is the kernel representing /i; P, u) we may represent the fundamental 
transfer matrix T(/2, /r; P, z^) as an integral operator of the form 

(r(/r, fi] p, I/) 4 ^) (y, c) = J Tp,fi-xAy^ y') ^{y^ c), (6.147) 

with dyij^{y) = n^=i c?/i(|/a), and the kernel y') given as 

Tp,f,-pAy^y') = / dfXNix) YlRfl,^,■,P,uAa+l,yaWa^ya) ■ (6.148) 

d a=l 


It is finally not hard to see that the same kernel y') ean be used to represent the projee- 

tion T(/i, yu; P, u) of T(/i, /r; P, z/) to the physieal Hilbert spaee defined in Seetion U.3.11 Indeed, 
T(/i, /i; P, 12) is a physieal observable and there exists a representation of the form (13.351) . Sueh 
a representation is related to the representation defined above in (16.1461) by a gauge transfor¬ 
mation 4/'(|/, c) = c), in general. Sueh a gauge transformation modifies the kernel 

Tp,^fa-p^u{y,y') into T^,/x;p,v( 2 /, The projeetion defined in Seetion 13.3.11 then 

has kernel faetor g^n be removed by another 

gauge-transformation, if neeessary. 


7 Imaginary roots and functional relations I 

Let us now eonsider the definition of the imaginary root eontributions to the R-matriees. This 
turns out to be more delieate than the ease of the real root eontributions. The formula (15.151) 
does not seem to have a natural renormalized eounterpart at first sight. We are going to argue 
that the deeisive requirement determining a eanonieal renormalisation of the imaginary root 
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contributions will be the consistency with taking tensor products, or equivalently the validity of 
the conditions 

Rri0y2,V3 = Rvi.Vs ^V2,V3 y 

Rviy20V3 = Rv\,V3 ^Vi,V2 ■ 

obtained by evaluating the representation 0 7 rv '2 ® on (A 0 id) {^) = ^ 13^23 and 
(id 0 A)(,^) = ,^ 13 ,^ 12 , respectively. 

Our renormalisation prescription can be directly applied to both sides in (17.11) whenever the 
infinite products representing the universal R-matrices truncate to finite ones in the given repre¬ 
sentations. This happens when one of the representations applied to the universal R-matrix is of 
prefundamental type. A natural strategy to construct families of operators Rv,w satisfying (17.11) 
is of course to start by identifying a class of basic representations from which more general 
ones may be constructed by taking tensor products and quotients. Having defined Rv,w for V, 
W taken from the class of basic representations one may simply use (17.11) recursively to extend 
the definition to more general representations. Whenever our renormalisation prescription can 
be applied to define all representations appearing in (17.11) one needs to check explicitly that the 
relations following from (17.11) are satisfied. 

We will apply this strategy using as basic representations the prefundamental representations of 
modular double type on the one hand, and the finite-dimensional representations on the other 
hand. It turns out, in particular, that the renormalisation prescriptions for the basic representa¬ 
tions are strongly constrained by the already chosen definitions for the real root contributions. 
The co-product mixes real and imaginary roots. This implies that a part of the imaginary root 
contributions in RviiS)V 2 ,V 3 given by the real root contributions in and Ry 2 ,V 3 > and simi¬ 

larly for Rvi,y 2 ®V 3 - The renormalisation prescriptions for real and imaginary roots must there¬ 
fore be related to each other. Consideration of tensor products of finite- and infinite-dimensional 
representations similarly implies relations between the prescriptions adopted in the two types 
of representations, respectively. 

It may furthermore happen, for example, that the tensor product of representations becomes 
reducible for certain values of the relevant parameters, containing basic representations in sub¬ 
representations or quotients. Whenever this happens, it implies relations between the imaginary 
root contributions to the respective R-matrices, as will be shown explicitly in some relevant ex¬ 
amples. These relations take the form of certain functional relations restricting possible renor¬ 
malisation prescriptions for the imaginary root contributions considerably. 

These considerations will lead us to a uniform and unambiguous prescription for the renor¬ 
malisation of the imaginary root contributions for the whole family of representations of our 
interest. Most important for applications to integrable lattice models is the observation that the 
proper treatment of the imaginary root contributions provides the basis for the representation 


v,w ■— {'^v ® , (7.1) 
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theoretic derivation of the Baxter equation, generalising the approach of HBaLZSi lAFU to the 
case of representations without extremal weight. 

In order to make the overall logic transparent we will in this section restrict attention to the case 
of Uq{5\2)- In the general case of lAq{s{M) one is facing a higher algebraic complexity which 
will be dealt with in the next section. 

7.1 Imaginary roots for basic representations 

To begin with, we shall compute the imaginary root contributions for the basic representations 
of finite-dimensional or prefundamental type. 

7.1.1 Prefundamental representations 

As a warm-up, let us consider the case M = 2, where the imaginary root contribution to the 
universal R-matrix, see (15.151) . (15.181) . simplifies to the following form 

= exp - (g - q-^) ^ ^ ® , (7.2) 

An important feature of the representations vr^ is the fact that and get represented by 
central elements. The corresponding currents take the form 

/ "1 \ ^ I 1 \_2 

^a(1 + -^i(^)) = 1 + a ^ — 1 1 (7-3) 

q — q K 

<(1 + f;W) = 1 + A+V‘ « „+(/<«) = 1—^ (7,4) 

q — q tv 

These equations follow straightforwardly from the definitions (15.271) . (15.281) and the iterative 
construction of imaginary root vectors given in Section [5.2.1[ For |g| 7 ^ 1 we therefore get 

- E S ( - 75 ) j p 

= (£,.(-AVV))-‘, 

compare to (15.341) . Following the discussion in Section [5^ we can immediately suggest the 
following renormalized version of this special function, 

Prtn ® ^Jl){^Zs)]ren ■= (-AV/^^)), (7.6) 

where 

Sn{w) := exp( f ^ . x ) • (7-7) 

V jR+io smh(^t) smh(f) J 
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Note that £h{w) is not single-valued in w, it is better understood as a funetion of log(r(;). The 
definition (17.61) therefore needs to be supplemented by a choiee of the logarithm of —X^/jj?. 
This is a subtle issue that will be resolved in Section 1777] below. 


7.1.2 Evaluation representations 


By means of straightforward computations one may show that the image of imaginary root 
currents under the evaluation map introduced in Section [5. 3. II takes the form 

(1 - 1 - g z~^ (1 + q z~^ 


evA(l + = 

evA(l + F;(z)) = 


(1 + q~^ z~^ A “2 q K 2 )(l -|- q+^ z~^ X~^ q \<?) ’ 
(1 + q~^ z~^ A^ + q~^ z~^ A^ 


(7.8a) 

(7.8b) 


(1 + g-i z-i A2 g-i K-2)(l + g+i z-i A2 g-1 K-2) ■ 

We recall that g^*, where x is defined up to a sign, parametrizes the Wq(s[ 2 ) Casimir as in (15.211) . 

Considering finite dimensional representations of evaluation type one may note that the imag¬ 
inary root currents for take the form (I7.8al) with g^® and K replaced by g^^+^ and 
kj := diag (g-^, q ^~^,..., q~^) respectively. Taking the second tensor factor to be tt”, 

one could proceed along the lines of Section lT.l.ll leading to 

kT 2 A 2 /;x 2 ) AV/i^) 


[Ki % )(^~5)]ren 8^^,{-q-2j-2X2 j ^2) j y?) 

If we further specialize (17.91) to the case of spin j = 1/2 we find 


(7.9) 


/ ^262 (-9 ) 


0 






0 


0 \ /I 

^0 l-g-^AV^ 

(7.10) 

Apart from defining the special function 9{z), the second equality in this equation follows from 
the relation £^ 2 ^ 2 (g^x) = (1 -I- x) £^ 2 b 2 (g“^a;) applied in the case when x = —g“^A^ /i“^. Let us 
observe that 


Prtn (7 

where Prei 7 (A) is given in (17.51) . Another example that will be useful in the following is 

- AV^ q 
0 

where 

^2.2(-AV-^7^")^262(-AV-^7-^") 


[(^A ® eV^)(.^^5)]ren = Pev(A/i 




0 


(1 —A2^“2 g-1 (^2^ 


(7.11) 


(7.12) 


pev (A/r ) 


S2b2{-X‘^ll q‘^+‘^^)S2b2{-X‘^fI 2 g 2 2x^ 

This result can be easily specialized to the modular double case as 7 r™ ‘^ (g=*=*) = 


= 0(g2+^A/r-^) 0(g2-^A/r-^) . 

(7.13) 


^zLirb s 
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7.1.3 L=‘=(A) from the renormalized universal R-matrix 


Let us now complete the derivation started in Section [5.3.2l to obtain L^(A) from the renormal¬ 
ized product formula for the universal R-matrix. 

As explained in the following section, the real root contribution is not affected by renormal¬ 
ization in this case as the corresponding root vectors are realized by nilpotent operator in one 
tensor factor. The observations in Section [5. 3. 21 together with the calculation (17.101) then gives 


[K O vrj(^ = eg{-T^ A (? g) ei) • [(vr^ 0 tt^ )i^^s)]ren ' A (g J) eo) ■ g- 


= ^(A) 


1 

Avu-^ 


1 


Av-^u 


u 


(7.14) 



Av-^A 

u-V‘ 


For completeness let us recall the evaluation of the universal R-matrix for vr^ 0 ev^ and how it 
is affected by the regularization. The infinite product of real root vectors gives 


Together with (17.121) this implies that 


1 0 


1 Ag ^-q) 

^ i-AV-2g+iK2y 
0 1 


K+ip' 


(7.15) 


(7.16) 


[(7r^0eV^)(,^ )]ren = Pev(A/i 




K ^ — A^/i ^gK+^ Xfi ^(g ^ —g)g+2F 
A/i-i(g-^-g)g+^ E K+i - A 


(7.17) 


where E = K ^EK \F = F and Pev(A/x ^) is given in (17.131) . 


7.2 Rationality of currents 

The examples above lead us to a useful observation: An important role is played by the gen¬ 
erating functions 1 + E[{z) and 1 -F F[{z) that will be called currents. The currents generate 
a commutative algebra for the level zero representations we are considering. Whenever the 
currents get represented by rational functions of z there exists a natural prescription for turn¬ 
ing the formal series following from (17.21) into well-defined operators. We are now going to 
show that the operators representing 1 -F E{{z) and 1 -F El{z) will be rational functions of z 
for all representations of our interest. More precisely we shall show that for any tensor product 
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77 = TTi (g) • • • (g) ttat of basic representations of Wg(b+) we have 


77 {l + E[{z)) 


n£=i(i +) 


(7.18) 


where are mutually eommutative operators. A very similar statement holds for tensor 

products of basic representations of Wg(b”). 

In order to derive (I7.18L let us eonsider the monodromy matrix 


M(A) := ( tt ^ 0 77 ). 


(7.19) 


It follows from the product formula for M that we may represent M(A) in the form 


M(A) = 


1 0A/K+(A) 


F(A) 1 


0 


0 K_(A) 


1 E{X)\fk-^ 0 
0 k 


(7.20) 


(7.21) 


where K±(A) are the eigenvalues of (tt^ 0 tt on u±, 

K±(A) = exp - q+^) ^rn,n 7r+(eJ^J)^ , 

where the numbers are the eigenvalues of 7r^(/^^]) on the two basis vectors u± of C^, 
^xifils)u± = u±. It follows straightforwardly from (I7.8al) that 


E 


( 1 ) 


Ai) 


m(5,— m(5,+ 




(7.22) 


This implies that 

7r-(l + £;(-9A-^)) = (7.23) 

We may note, on the other hand, that for any basie representation TTfc the matrix L„(A) = 
(vr^ 07r„)(.^“) takes the form p„(A)L(^(A), with L'(A) polynomial in A. It follows that M(A) = 
M'(A) Yln=iPnW^ where 


M'(A):=L'„(A)L'„_i(A)...L;(A) = (7.24) 

is a matrix of polynomials in A sueh that A(A) = k~^ + (7(A), D(A) = k + (7(A), B(A) = (7(A), 
C(A) = (7(A). 

It remains to observe that both K+(A) and K_(A) can be expressed as a rational funetion of the 
matrix elements of M(A), leading to the expression 


K_(A) q-det(M'(g U)) _2 
K4A) A(A)A(g-iA) 


(7.25) 


77 










(7.26) 


where q-det(M'(A)) is defined as 

q-det(M'(A)) = A{q-h)D{qh) - C{q-h)B{qh) . 


In order to obtain formula (17.251) we used the eommutation relations satisfied by the matrix 
entries of M'(A). Equations (17.251) and (17.231) imply that 7 r^(l + E[{z)) is a rational function 
of A of the form claimed in (17.181) . □ 


With these observations in mind, let us formulate the prescription: for representation of 
such that 


n^l + FM) 

let us set 


n+) 

n£i(i+^-^ D+)’ 


TT (i + e;(z)) 


n;Ai(i+^-^N7) 

n£=i(i+) 


(7.27) 


( (TT 0 77 )<^r^s\ren Y\n+ TT’^- c , |'_M+ (5?, M-t 77^+ 77^- c ( n+ ^ H-'l ’ 

\.U=l\.U'=l^ 2 b^\ ® 11^=1 11f=1 ^262 ( — D ^ 0 D ^,) 

where 82 b'^{w) is defined in (17.71) below. Notice that the unrenormalized version of (17.281) is the 
same expression with £^ 2^2 (tu) replaced by £^ 2 ( 77 ). Above we used the notation 77 =*= in order to 
avoid confusion with the prefundamental representations vr^, which are a special case of 77 =*". 


As we will see, after we fix a prescription of the form (17.271) . (17.281) for the prefundamental 
representations tt^, the validity of the relations following from (17.11) implies that the same pre¬ 
scription (I7.27L (17.281) needs to be used for representations obtained by taking tensor products. 
The fact that this is a consistent prescription is not obvious. We will show in all relevant cases 
that consistency follows from the basic functional relations satisfied by £ 1,2 (w). 


7.3 Co-product of imaginary roots 

We have proposed a definition for the imaginary root contributions to the universal R-matrix 
for the basic representations of our interest. We will now start analysing in some detail if this 
definition is compatible with the relations (17.11) . To this aim we will now derive useful identities, 
formulae (17.301) and (17.411) below, satisfied by a generating function for the imaginary root 
generators from the basic relations (id 0 A)(,^“) = ^£ 3^82 ® id)(,^“) = ^ 83 ^ 23 - 

As a useful generating function for the imaginary root generators let us introduce via 

1 0 := (vr+ 0 id)(^“ 5 ). (7.29) 

This definition makes sense as complex numbers. For the time being we shall 

continue to work with formal series in A. We are going to prove the identity 

A(.^+^(A)) = (10.^+^(A)) £g((r,A)2ei0eofci) (.^+ 5 (A) 0 l) , (7.30) 
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giving a useful representation of the eo-produet of the imaginary root generators. The contribu¬ 
tion containing real root generators is clearly visible in the argument of the function eg(x). 

As a preparation let us note that appears in 


(7r+(g) id)(.^ ) = eg(-Tg fi (g) ei) {l g £g(-rg fo 0 cq) A ^(u), (7.31) 

where A“^(u) = fj := 7r^(/j), Tq = q — q~^. This may be rewritten as 

(vr^ 0 id)(.^“) = A(y) (l 0 ^~^{X)) A“^(y)A“^(u), (7.32) 

^+{X) := eq{X'e,)^U^)eq{X'eo) (7.33) 

where y := u^Wu~0 A(y) = and X' := —Tqq^ X. It seems remarkable that 

there is a similarity transform A(y) so that the first tensor factor in (17.321) is the identity. This 
follows from the identities 

(g - 7r|(/i) 0 e* = A g^ A(y) (1 0 e*) A"^(y). (7.34) 

The rewriting (17.321) will be particularly useful in the higher rank case discussed in Section [Ql 
Proof of (17.301) . The starting point of our derivation is the identity 

(7r+ 0 A)(^") = (7r+ 0 (7r+ 0 l)(^f2) • (7.35) 

Inserting the form (17.321) into this equation and simplifying the A factors we obtain 

A(.^+(A)) = (1 0.^+(A)) g* (^+(A) 0 1) g“*, (7.36) 

where we have cancelled the first tensor factor being proportional to the identity. The contribu¬ 
tion g* originates from reordering the factors of A. It acts as g*(ej 0 l)g“* = e* 0 ki. The left 
hand side of (17.361) contains terms eg(A'A(ej)), i = 0,1, A(ei)) = 0 fc* -f 1 0 e, which may 

be further factorized using 

eq{U)eq{V) = eq{U + V), (J31) 

if UV = q~‘^VU. Using (17.371) we rewrite (17.361) as 

A(^+5(A)) = (10 .^+,(A)) 0 (^+5(A) 0 1), (7.38) 


where 

® •= ~rv ,— ^9(1 ® ^^(A'ei 0 kf 

eq[X'ei 0 fci) 

This expression can be simplified using the pentagon relation 


1 

£q{X'ei 0 ki) ' 


(7.39) 


eq{y)eq{U) = eq{U)eq{qUV)eq{y), 


(7.40) 
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and noting that q ^(A')^ = (Ar^)^. The resulting formula is (17.301) . as elaimed. □ 

Applying (id ®ti~) to the seeond equation in (17.11) a similar analysis shows that 

= {‘^Zsi.^)^^) £q{{rq^~^f kofo® fi) {l^^Zsi^)) ■ (7-41) 

where 

:= {id®TT-){MZs) ■ (V.42) 

It is worth to observe that 

A(/i'^) = «) 1 + 1«) + r, [2], fco/o «) /i, (7.43) 

where we have used the iterative definition = /o/i — q~^fifo given in (15.71) . Before 
regularization, (17.411) ean be eonsidered as an equality of formal power series in z/“^. In this 
interpretation (17.431) eorresponds to the term of order It is remarkable that the eoproduet 
of all the imaginary root veetors ean be brought to the simple form (17.411) . 

Let us finally note that our derivation of (17.301) . (17.411) was based on the identities (17.371) and 
(17.401) . As noted earlier, these identities are satisfied by the speeial funetion Sb^ (w) whenever the 
arguments are replaeed by positive self-adjoint operators IIFa99[ iFaKVi . This observation 
may be used to reduee the verifieation of (17.11) to the verifieation of the eonsequenees of (17.301) 
and (17.411) in the representations of interest. 


7.4 Consistency 

The mixing between real and imaginary root generators under the aetion of the eo-produet 
expressed in (17.301) . (17.411) implies that the renormalisation preseriptions adopted for the eon- 
tributions of real and imaginary root generators in the product formula must be related. Let us 
first state the proposed renormalisation prescription of the real root contribution to the universal 
R-matrix. We define 


:= [^g(a;)]ren 


£q(x) if X is a nilpotent operator 
Zb 2 (x) if X is a positive self-adjoint operator 


(7.44) 


where these special functions are defined in (15.341) and (17.71) . We will now verify that our 
proposed prescription for the renormalisation of the imaginary root contributions is compatible 
with the definition (17.441) and the consequences of (I7.30L (17.411) . 
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7.4.1 Check of compatibility for (^Ai ® 


The image of the left hand side of (17.301) under ean be eomputed using the explieit form 

of the imaginary root eurrents 




(1 + 2 ; ^q^^p){l + z 
(1 — z~^ g+^ Zp) (1 — 2 ;“^ q~^ Zp) ’ 


(7.45) 


where = A 1 /A 2 , p = (A 1 A 2 ) Z = vu ^ (g) v ^u Following the preseription outlined by 
equations (17.271) and (17.281) this implies 


[f - \r72>-^ f - ^ -w f yy-f\\\ ^2b2(g’^ Z)£’2b2(g AiA2^) 

® ^Ai®A2 ) ® ^A^)^ W) = -^r-7--A^ 


^2fe2( - §) ^2b2( - 

(7.46) 

On the other hand, applying to the right hand side of (17.301) and using the definition 

(17.441) we obtain 

^ 2 fe 2 ( - ^262 ( - 

The eompatibility under tensor produet, encoded in (17.301) . states that (17.461) has to be equal to 
(17.471) . This is so provided that the functional relation 


S2b2{qw)S2b-2{q w) = Sb2{w), 

holds. This is indeed a simple consequence of the integral representation (17.71) . 


(7.48) 


7.4.2 Tensor products of finite- and infinite-dimensional representations, I 

For the derivation of the Baxter equation we will also need to consider tensor products of 
finite- and infinite-dimensional representations such as 0 tt^. Let us first generalise our 
renormalisation prescription in a way that will allow us to cover cases involving such mixed 
tensor products. Let x be an operator on a Hilbert-space of the form l-i ®V with V being n- 
dimensional that can be diagonalised by means of a similarity transform S'S' in the sense that 
X = SS ■ diag(AiXi,..., A^x^) • S'S'”^, where A^ G C* and Xk, k = 1,..., n are positive- 
selfadjoint operators. For such operators x it is natural to define 

<fg(x) = SS ■ diag(Sb2(AiXi),..., Sb2(AnX„)) • S'S'”^. (7.49) 

This definition allows us to define 

'"aJs”(C',C) := «) 7rf)((A (g) 1)(,^-))]^^^ , (7.50) 
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for u, w G {+, f}, keeping in mind that the infinite produet over real root eontributions truneates 
to a finite produet whenever vr^ is applied to the seeond tensor faetor. 

Important for the derivation of the Baxter equation will be the identities 


(vw)- 

'{ 12)3 


(C',C) 


ri3“(C')r"3-(C), 


ri3“(C) = 

r" 3 -(C) = [K®vrr)(^-)] 


(7.51) 


The proof of these identities ean follow almost literally the proof of (17.411) provided that the 
identities (17.371) . (17.401) used in this ealeulation are preserved by our renormalisation preserip- 
tion. We need to verify that 


4(U) 4(V) = 4(U + V), 4(V) 4(U) = 4(U) 4(gUV) 4(V), (7.52) 

when 

U = 2;(7r^®7r+)(/i(g)l), V = z{n{® ® fi). (7.53) 

Let us start from the first equation in (17.521) for i = 1. The ease i = 0 is similar. First notiee that 


U +V 


q ^ X 0 \ 

z A X j 




0 ) 

q'^^ X j 


s-^ 


sys-\ 


(7.54) 


where x = ^ u and S = (J ?) with t = — A/i ^ v ^u. We thus have that U + V is 

similar to V whieh is self-adjoint and the preseription (17.441) gives 


+ V) = 5£b2(V)5-^ 


8 b2{q ^x) 0 

t{Sb2{q~^x) - Sb2{q^^x)) Sb^iq^^x) 


(7.55) 


On the other hand U is a nilpotent operator and the same preseription gives <^’g(U) = £g(U) = 
1 + 'r“^U so that 


4(U)4(V) 


1 o\ fSb^iq ^x) ^ 

zXt~^ ly y 0 Eb^iq'^^x)! 


(7.56) 


The equality between (17.551) and (17.561) follows from the funetional relation 8 b 2 {q^^x) = (1 + 
x) 8 b'i{q~^x) and the identity zXt~^ = —tx. 

Let us turn to the seeond relation in (17.521) . Using the nilpoteney of U and upon simplifying the 
the U° term it reduees to 

^fc2(V)U = U(l + gV)£fe2(V). (7.57) 


Let us foeus on the ease i = 1. The matrix U is proportional to (? o) so that only the lower left 
entry of (17.571) is non-trivial and reduses to the identity Eb^ {q'^^x) = (1 -f x) 8 bi {q~^x). □ 
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7.4.3 Tensor products of finite- and infinite-dimensional representations, II 


In order to verify that the eonsisteney eondition (17.411) holds after we apply the representations 
TT^ (g) 7r+ we first need to spell out the form of the imaginary root vectors. Concerning vr^ and 
7r“, they are given as a specialization of (17.Sal) and (17.41) respectively. The current of imaginary 
roots for this tensor product on the other hand takes the compact form 

[K®0A(1 + F;W)] =.S-'Pi(l + F;W)®7r;(l + F;W)]S, (7.58) 

where S = iSA“^ (y) with 5 = 1 + /iA“^ ( o o) • Moreover, according to the definition below 

(17.321) one has for the fundamental representation A(y) = y^ J ^-i). The equality (17.581) can be 
verified by lengthy calculations using the iterative construction of root vectors given in Section 
15.2.11 The reader might be satisfied checking the first order in 2 ; corresponding to the equality 
(17.431) . We will discuss (17.581) in Section [8X3] in more details. 

The relation (17.58!) with the renormalization prescription (17.271) . (17.28!) implies that the left hand 
side of (17.411) reads 


[(tt^ (g) 7r+) a = 5 ^ [tt^ O S . (7.59) 

We are going to verify that this is equal to the right hand side of (17.411) given by 


(l + (oo)) 


where t = q~^ ^y. This formula is simply obtained recalling that rq7r+(/i) = and 

Tr{{ko fo) = g“^A([]o)- Recall that the contribution is given in (!7.10!) . As p'^{x) 

in (!7.10!) and are central, the equality between (!7.59!) and (!7.60!) reduces to 


s-^ 




1 0 \ 

0 1-q-^x‘^u-y 



(7.61) 


This is verified using the definition of t and S given above. 


7.5 Reducibility of tensor products 

Other issues arise whenever tensor products of representations contain sub-representations or 
quotients isomorphic to one of the basic representations. The renormalisation of the imaginary 
root contributions must be compatible with the existence of such relations. This will be seen 
to imply functional relations between the special functions appearing in the imaginary root 
contributions. 
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7.5.1 Highest weight representations 


As a warai-up let us consider a representation of the Weyl-algebra uv = g ^vu realised on 
vector spaces with basis Vj, j G Z by means of 

vvj = Wj+i, uvj = q~^Vj. (7.62) 

It is possible to supplement the definition of tt^ by a lowest- or highest weight condition, re¬ 
stricting the values of j to a semi-infinite subset of Z. It was first noted in llAFi that the tensor 
product of representations 0 vr^, contains for (' = a subrepresentation isomorphic to 
TT^, and that the quotient 0 isomorphic to 

To see this, let us consider tensor products of the form vr^07r^/, and look for a sub-representation 
vr^, generated by vectors of the form 

Wj := djVj-i 0 -h bjVj 0 , (7.63) 

using the standard basis u+ = (g), = (5) for C^. A straightforward calculation shows 

that such a sub-representation exists provided that (' and ( are related as (' = q^(. The sub¬ 
representation Tip then has the parameter = q(. It is furthermore straightforward to check 
that the quotient vr^ 0 is isomorphic to in this case. 

Picking representatives Wj for the quotient tt^ 0 one gets a basis for "H. 0 generated 

by vectors wj = {Z])- The action of Uq{b~), and therefore the representation of (A 0 1) 
will be represented by lower-triangular matrices with respect to this basis. 

7.5.2 Representations of modular double type 

We are now going to argue that this derivation can be generalised to cases where the repre¬ 
sentation TT^ is replaced by a representation of modular double type defined on the space V of 
functions f{p) which are entire, and have a Fourier transformation that is entire as 

ug{p) = e"^'’Pg(p), vg{p) = g{p-ib). (7.64) 

The dual V' of V contains the complexified delta-functionals 5p defined by { 6 p, f) = f{p) for 
all / G P and all p G C. The dual representation (tt^)' will be realized on delta-functionals 5p 
in terms of the transpose operators 

u' 5p = y' 5p = 6p-ib. (7.65) 

We claim that the tensor product of representations tt^ 07r^ exhibits the same type of reducibility 
as observed in the previous subsection. This is fairly easy to see: We claim that the represen¬ 
tation vr^ 0 TT^z on P 0 becomes reducible for (' = q^(, containing the sub-representation 
TT^, and that the quotient tt^ 0 is isomorphic to in this case. 
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In order to verify this elaim let us note that the tensor produet tt^ 07r^ is realized on veetor spaee 
V ® C^. Veetors in this spaee ean be realised as veetor-valued funetions v(p) = f+{p)u+ + 
/_(p)m_, where G P, e = ±, and any basis {m+, m_} for C^. The dual {V ® C^)' of P <8) 
is spanned by elements of the form d = + d_u'_, with d± G V. (P 0 C^)' eontains in 

partieular elements of the form 

w+{p) = a{p)5p+ib®u+ + h{p)5p®u-. (7.66) 

One may eheek that there exist a ehoiee for the eoeffieient funetions a{p) and h{p) sueh that 
the aetion of (vr^ 0 vr^,)' on w+(p) beeomes equivalent to This boils down to the same 

ealeulation as outlined in Seetion 17.5.11 using the identifieations and Vj = 6-ibj. It 

follows that elements of P 0 of the form J dp g{p)w+{p), g G V, represented by the veetor 
valued funetions 

Vg (p) = gip - ib)a{p - ib)u+ + g{p)b{p)u- , (7.67) 

will generate a sub-representation vr^ in tt^ 0 tt^, if C' = As before in Seetion 17.5.II one 
may eheek that vr^ 0 representatives for the quotient vr^ 0 one 

may take veetors of the form v^(p) = e~^’^h{p)u-, G P. 

Any veetor v(p) in P 0 ean be represented in the form v+ (p) + v^(p) for suitable g,h G V. 
This allows us to represent any operator on P 0 in terms of a matrix of operators aeting on 
the eolumn veetor (^). It follows that the matrix representing [(vr^ 0 0 will 

be lower triangular in sueh a representation, 

[(7r+0407r-)((A0l)(,^-))]_= )] 

if = q^(. The existenee of sueh a relation implies relations between the imaginary root 
eontributions to the R-matriees appearing in equation (17.681) . It is easy to see that the relations 
following from (17.681) imply in partieular equation (17.1 II) that was previously observed to be 
satisfied by our renormalisation preseription. 

7.6 Relation to the Baxter equation 

Let us eonsider the Q-operator defined as 

Q(C) := tr^+ { O 1) [(7r+ 0 tt'') ^-] , 

together with the transfer matrix in the fundamental representation given by 

t(C) :=trc2| (11^0 1) [K0 7r'')^-]^^^|. 


(7.69) 


(7.70) 


[(vr+^0 7r )]^ 


(7.68) 
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The element f2, with £ G {0,1} corresponds to the Z 2 automorphism represented by the Pauil 
matrix cxi for T(^) and by for Q(C), see (16.211) . Introducing this factor is natural from the 
point of view of the quantum affine algebra ^ 5 ( 5 ( 2 ) and it is necessary to discuss the modular 
XXZ magnet and lattice sinh-Gordon model on the same footing. 


We are going to show that the validity of — (A 0 1) ) within representations of the 

form 7 r+ 0 TT^ 0 tt'^ implies the Baxter equation 

t(gk)Q(C) = Q(gC) + Q(g-'C) • (v.vi) 

In order to derive (I7.71L let us note that we may, on the one hand, represent T {(,') and Q((^) as 

Q(C) ^ tr„Jro,2w(C) ■ ■ ■ roalC)] > 
t(C') = trc,[L2-,,(C')---Lr(C')]. 


The right hand side of (17.711) may be represented as 


t(gk)Q(C) = 


[''0,2Ar(C)L2Ar(C )] [g,! (C) Li (C )] i 


Using identity (17.511) we may represent each factor ro,fc(C)L^(C') in the trace representing 
T(C0Q(C) in terms of [(ttJ 0 tt^ 0 7rf)((A 0 which was found to have a 

lower triangular matrix representation in (17.681) . It follows that the matrix representation of 
[''o,2Ar(C)L2Ar(C0] '' ' [g,! (C) Lr(C0] will also bc lowcr triangular. The Baxter equation follows 
immediately from this observation. 


7.6.1 Baxter equation for XXZ-type spin chains 

It remains to show that the universal form of the Baxter equation (17.711) reproduces previous 
forms of the Baxter equation appearing in the literature. 

Let us look at the explicit form of (17.691) and (17.701) . To do so, recall that for each site of the 
spin-chain we have 

[i^C®^x)^~]ren = (C A) (C A) , [{^l = ^(C/^) L“ (C A) • (7-V2) 

The normalization pA(^) nnd 6{x) are defined in (17.51) and (17.101) respectively and the remain¬ 
ing operators r+"(C) and L~(C) are given in (15.441) and (I5.26L respectively. The definitions 
(17.691) and (17.701) will then reduce to 

t(C) = 0.(0 T""00, Q(C) = s.(0 Q""0C), (7.73) 

where ©OC) = n!LA(C/«n)^(C/^n), S«(C) = Il^Li Prtn"(C/«n)pA(C/«n) and 

T"-(C) := trc0L),(C/«7v)L)^(C/«:iv). {(/ k,)L^ {(/ k,)] , 

;= tr^0r+^(C/k7v)rA(C/«iv).r+f(CAi)r+-(C/«i)] • (7-74) 
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We have set £ = 0 in (17.691) and (17.701) . Using (17.1 II) the Baxter equation (17.711) is equivalent to 


TXXZ(^l^)QXXZ(^) ^ QXXZ(^^) ^ Q""^(g-'C), (7.75) 


where 


A(C) 


s.(g-^C) 

0.(gk)s.(C) 





(7.76) 


This is essentially the form of the Baxter equation for integrable spin ehains of XXZ type, with 
A(C) being the quantum determinant of the monodromy matrix. Notiee that in order to simplify 
A (Owe used again (17.111) and the funetional relation p^niq'^^C/ (q~^C/^)- 


7.6.2 Baxter equation for the lattice Sinh-Gordon model 


Let us finally note that the Baxter equation for the lattiee Sinh-Gordon model studied in [ByTlI 
is an easy eonsequenee of (17.751) . Using the relations (15.451) and (15.471) it is straightforward to 
deduee from (17.751) that the operators 


T“(C) [ Ls(1/Ck)LJ,(k/C) .Lr(l/CK)L+(K/C)] , 

Q“(C) := tr„,[r+s(CK)r„V(C/'t).rt-(CK)r++(C/'t)] ■ (7.77) 

satisfy a Baxter equation of the form 

tsg(^i^)qsg(^) ^ ^SG(^) Q^0q~'() + d^^iOQ^OqO, (7.78) 

where 

a-(c) = (qk/^r^a - , ^^"(o = (qk/^r^ . (7.79) 


The equation (17.781) is equivalent to the Baxter equation derived previously in [ByTl |, as dis- 
eussed in some detail in Appendix iGl 


7.6.3 Relation with previous representation-theoretic constructions of Q-operators 

Our definition (17.691) of Q-operators is in some respeets similar, but not quite identieal to the 
definitions of Q-operators based on representations of the q-oseillator algebra introdueed in 
HBaLZBI . The most important differenee is that the representations eonsidered in HBaLZBI have 
extremal weight veetors, whieh is not the ease for the representations used in this paper. In the 
rest of this subseetion we will eompare the two eonstruetions in more detail. 

Both type of representations are eonstrueted starting from the following algebra homomorphism 

T^xieo) = A“^a, 7rA(ei) = A"^a, TTxik^) = 7rx(k0) = q^^ (7.80) 
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where a, a, satisfy the defining relations of the q-oseillator algebra 


qaa-q ^aa = 


q-q 


-1 




= 


q^^^aq-^^ 


= q ^ a. 


(7.81) 


If q is not a root of unity this algebra admits only infinite dimensional representations. As 
observed in Seetion [5)3.2l the relations (17.811) imply that iixies) is central, from which it quickly 
follows that 

'n-x{l + E'{z)) = l + cez”^, u:=q\~‘^. (7.82) 

Given any representation vr we can obtain a new one as tt o 12 using the automorphims 12(ei) = 
eo, 12(eo) = ei. Applying this procedure to the case above we find 


TTx o 12(1 + E'{z)) 


_(l + g;^-^)_ 

(1 + q~^ Cq~‘^^u z~^) (1 + q+^ Cq~‘^^u z~^) ’ 


(7.83) 


where C generates the center of the q-oscillator algebra and is defined as 


C := {q — q ^ )g^^ (aa — aa). 


(7.84) 


Notice that if C 7 ^ 0 the imaginary root currents are not represented by central elements. 

The representation vr^ used in this paper, see (15.281) . corresponds to C = 0. In this case a and a 
are inverse of each other up to a constant and we conclude that for C = 0 the q-oscillator algebra 
is isomorphic to the Weyl algebra generated by invertible elements u, v satisfying uv = g“^vu. 
In this case the representations ttx and tta o 12 are equivalent. 

The representations considered in llBaLZ31 are highest weight representations of the q-oscillator 
algebra generated from the Fock vacuum |0) satisfying a|0) = 0. Upon introducing the notation 

^BLZ ■= tta, tTblz := ttxoQ, (7.85) 

we find that the eigenvalues of the currents (17.821) (17.831) on the highest weight state gives 

+ B'W) |0) = (l + ,«A-^i.-‘)“|0>. (7.86) 

In the equation above, as in iBaLZ3ll and HHJlI . the label ± refers to simple pole or simple zero 
for the eigenvalue of the current 1 -f E'{z) on the highest weight state. Such eigenvalues are 
rational expression in z~^ for the category of representations introduced in HHJL In our paper 
± labels representations of the two Borel halves. 

The representations considered in our paper do not have extremal weight vectors. It is unknown 
to us if useful Q-operators can be constructed using highest weight type representations in 
auxiliary space if the representations used in quantum space are of modular double type. 
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7.7 Choice of branch 


Let us finally return to the issue to fix a choice of branch for logarithm of the argument of 
the special functions Sfi{w) used above to represent the imaginary root contributions. It will 
be fixed by the following reasoning: It was shown in Section [6.3.31 that the tensor product of 
two pre-fundamental representations contains an evaluation representation of modular double 
type. It will be observed below that the dual of such a representation contains representations 
of highest weight type. The rational function representing the eigenvalues of the current on the 
highest weight vector simplifies somewhat compared to the eigenvalues of a generic vector. We 
demand that the eigenvalues of [(vr^ $$ T^^f'){^%Zs)]ven the highest weight vectors of these 
sub-representations coincide with what is obtained by applying our renormalisation prescription 
to the eigenvalues of the current on the highest weight vector. This gives a natural way to fix 
the choice of branch of log(tu) in the definition 8 n.{w), as will now be described in more detail. 


1.1. \ Highest weight representations in the dual of Vs 


The key observation is that the highest weight representations of Wq(s[ 2 ) are contained in the 
dual to the representations Vs- In order to see this, let us note that by simple changes of notation 
one may rewrite the representation defined in (15.241) as 


where p 


Ej = = [j - m]qJ- , 

Fj = = [j + m]qj+, 


K, = q 


—ihm, T ±f{m) = /(m ± 1), and the parameter j is related to s via 
j = -{s - Cb), where ct := -{b + b~^). 


(7.87) 


(7.88) 


The dual space P' contains complexified delta-distrbutions := 6p. By duality one gets 




E'ei,= [j 

= [j + m]qe: 


K'e^' = 


(7.89) 


m+l 5 


It follows that the distributions {e:^; m = j, j -f 1,... } generate a Verma submodule within 


the dual P' of Vs- 


1.1.2 Eigenvalues of currents on the highest weight vector 


The form of the imaginary root currents for representations of modular double type follows 
form the first equation in (I7.8ai) and the expression of the (15.25!) to be 

(1 — qz~^ /i“^ e+^’^^^)(l -I- qz~^ g-27rbs^ 


<-sil + E[{z)) = 


(1 -I- q~^ z~^ q k2)(l -f z~'^ q k^) ’ 


(7.90) 
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The prescription (17.271) . (17.281) with the currents as in (17.31) . (17.901) then gives 

£:262(-g2k2AV/i^)i^2b2(-k2AV/i^) 




S2b2 / iJi?) 82 h 2 A^/ 


(7.91) 


Let us now consider the dual action of vr™^'^ (l + E[{z)) on e^. Note that (17.901) simplifies in this 
case, as a factor in the numerator can be canceled against a factor in the denominator. 

Requiring that our renormalisation prescription leading to (17.911) is consistent with this fact 
finally fixes the choice of the branch of the logarithm in the definition of factors like 82^2 (—w): 
It should be such that the same cancellation takes place when (17.911) is evaluated on ej. This 
will be the case when log(—w) = —iri + log(te). 


7.8 Towards a ’’more universal” R-matrix 

Our findings suggest that there should exist a generalisation of the universal R-matrix that not 
only makes sense for |g| = 1, but which also extends the class of representations in which it can 
be evaluated by an interesting class of infinite-dimensional representations. The representations 
of interest for us can all be found in the tensor products of two types of representations, the pre¬ 
fundamental representations of modular double type on the one hand, and the finite-dimensional 
representations on the other hand. We have defined renormalised versions of the image of the 
universal R-matrix for the basic examples of such representations from which more general 
representations can be constructed by taking tensor products. 

Note that we have not defined the renormalisation of the product formula for general tensor 
products yet. However, if we have a tensor product 7 r, j := (tt* ® vr^ ) o A of two representation 
for which we have already defined the image of the R-matrix, we may define the correspond¬ 
ing R-operators via (17.11) . One may thereby extend the definition of the renormalised universal 
R-matrix to the whole category of representations generated by taking tensor products of rep¬ 
resentations of prefundamental and finite-dimensional type. This allows us, in particular, to 
construct 

(7.92) 

from the product of four operators r+“(A//i) = [(vr^" (g) as noted previously. 

We’d finally like to propose that the prescription for the renormalisation in the case of finite¬ 
dimensional representations is related to the one for the case of infinite-dimensional represen¬ 
tations even more deeply. We are going to argue that the latter implies the former. 

In Section 17.7. II we discussed the dual of the representations Vs- It is clear that the action of 
Rsi 52 (A//i) on Vs^ ® Vs 2 defines the dual action on {Vg^ ® Es^)'■ As the latter contains highest 
weight representations with ji related to s, via (17.881) for i = 1, 2, we get an action of 
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(Rsis 2 (-^/^^)y oil ^ji ®^j 2 ■ We are using the notation 0 * for the transpose (dual) of an operator 
0. We conjecture that this action coincides with the action of the R-matrix obtained from the 
universal R-matrix using the renormalisation prescription introduced above, 


(Rsi.2(A//i))‘-ei(8)e2 = [{T^Zh ® )]ren ' ei ® ^2 , 


(7.93) 


where ei G 62 G A result in this direction was obtained in [ lByT3| : A formula like 
(17.931) holds if Rs^s 2 (A//r) is replaced by the spectral parameter independent R-matrix RsiS 2 not¬ 
ing on the tensor product of two representations of the modular double. We believe that a proof 
should be possible for example using the alternative representation of the operator ^s^_s 2 {^/7) 
derived in [[ByTl, Appendix D]. 


The validity of the conjecture (17.931) would underline in which sense the renormalised version 
of the universal R-matrix is a ’’more universal” R-matrix: It can not only be used for infinite¬ 
dimensional representations of modular double type, it also defines the action of the R-matrices 
on finite-dimensional representations in a way that automatically ensures compatibility with 
the structure of the enlarged category of representation generated from both finite-dimensional 
representations and the infinite-dimensional representations of modular double type. 


8 Imaginary roots and functional relations II 

In this section we shall begin by deriving a universal form of the Baxter equation for models 
with Wg( 0 ljy^) quantum group symmetry. A new feature in our derivation is the use of a fermionic 
representation containing all fundamental representations of Wq(gljy^) as sub-representations. 
Being reducible, it admits a collection of spectral parameters /i = (/tq, • • •, /^m), one for each 
fundamental representation Vk contained in The Baxter equation will follow from the re- 
ducibility of the tensor products ® tt’*' at certain values of the spectral parameters. 

The proof of the universal Baxter equation will be valid for the infinite-dimensional representa¬ 
tions of our interest if the renormalised R-matrices satisfy the relations RviigjViys = Rvi.Vs Rvi.Va 
and Rvi,y 28 iV 3 = Ryiy 3 Ryiy 2 - We verify that this is the case for the representations of our in¬ 
terest. This will again follow from a delicate interplay between the contributions associated to 
real and imaginary roots in the product formula. 

8.1 Universal Baxter equation 

We are now going to prove the following universal form of the Baxter equation: 

M 

= 0 , ( 8 . 1 ) 

k=0 
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where oj is an M-th root of unity oj^ = 1. This equation reduees to (17.711) for M = 2. The 
’’universal” Baxter operator Q^(A) is defined as 

Q+(A) := tr^ 0 1) [(vr+ 0 vr^) } • (8.2) 

The representation corresponding to the auxiliary space H is given in (16.31) . The trace 
is twisted by the f'-th power of the Tjm automorphism given in (14.71) . The choice of the 
representation in the quantum space, denoted by Tig, will only be restricted by the condition that 
the trace should exist. The (higher) transfer matrices T‘^^^(A) are similarly defined as traces 

T'^HA) := tiv, { {n‘ ® 1) [(xf 0 . (8.3) 

over certain finite-dimensional irreducible representations Vk that we descibe in the following. 
It will be very useful for us to observe that the representations relevant for the formulation 
of the Baxter equation (18.11) appear as irreducible components in a reducible representation 
constructed from fermionic creation- and annihiliation operators Cj, c*, i = 1 ,..., M which 
satisfy 

{ci,Cj} = {ci,Cj} = 0, {ci,Cj} = 0. (8.4) 

Let T denote the fermionic Fock space. The representation tij is defined via 

7rf(ei) = A"^CiCi+i, vrf(/i) = Aci+ic*, vrf(/ci) = , (8.5) 

where n* := CjCj. Notice that this is a representation of the full (Yq(g(^). It is easy to see that 
the total fermion number operator n := *^he center of the representation ti^. The 

eigenspaces Vk — c( »=) of n associated to the eigenvalue k are irreducible. Each Vk corresponds 
to the k-th fundamental representation. 

Remark 1. The M-th root of unity oj appearing explicitly in (18.11) will turn out to play an 
important role for the integrable model studied in this paper. It is not hard to see from the 
definition above that T(^)(a;C) = Tr(*’)((C), so that the Baxter equation posses a 'Em symmetry. 
We will see in Section [831 that this symmetry acts non-trivially on the solution Q(() for the 
choice of quantum space relevant for this paper. 

Remark 8 . In Section [34l we introduced two Q-operators Q^(A), they correspond to the two 
Q-operators Q+(A), Q+(A). These are constructed using the representations ti'^ and given 
in (18.131) and (18.361) and the renormalized universal R-matrix. The operator Q^(A) satisfies the 
Baxter equation (18.371) 
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8.1.1 Preliminaries 


In order to show (I8.1L let us start with a simple observation: Operators as the one appearing in 
(18.11) ean be represented as traees over the tensor produet (g) "H in the following way 

M 

{(f!' 0 1) [(-1)" (4-^; 0 . (8.6) 

k=0 

where the operators An on (g) "H are for given (Aq, ..., Am) ^ defined as the operators 

multiplying eaeh veetor in Vk by A^, respeetively. The tensor produet of representations is 
defined using the eoproduet as 

A- (8.7) 

The aetion of O G End (g) H) in auxiliary spaee is understood. The identity (18.61) follows 
from the deeomposition of the fermionie representation irjr into irredueible finite-dimensional 
representations and from the following property of the universal R-matrix: 

0 1 ® TTg) ren [(^ ® ® ^Tg) ^ 23 ] ^en = [(< ® ® ^q) (A 0 1) ^~] (8.8) 

This relation is erueial for the derivation of the Baxter equation. We will show in Seetion [8.4.1l 
that the renormalization of the universal R-matrix proposed in this paper preserves this property. 

8.1.2 Block triangular structure of n'p 0 

The following observation will be the key to the derivation of the Baxter equation (18.11) . There 
exist speeial values of the speetral parameter 

Afc = \k,t ■= ^ C, l^k = t^k ■= q^C, Ui = e M ^ (8.9) 

sueh that the tensor produet representation (18.71) has the following triangular strueture: For any 
X G Wg(b_) there exist orthogonal projeetors Ilf \ and an operator TTnew (x) sueh that 

nf) (vrj" 0 A(x) = 0 , (8.10a) 

nf^ (vr^." 0 A(x) nf^ = (x) nf^, (8.10b) 

nf (<" 0 4 "’^) A(x) nf) = (x) nf). (8.i0e) 

The projeetors Ilf ^ and Ilf ^ determine a (i dependent) deeomposition 

J^0?( ~ Vi©V2 = C2 0V, (8.11) 
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where in order to write the seeond equality we used Vi ~ V 2 ~ V. We will show that 
^new(x) — ( 01 )® ^new(x) ^nd (—1)" ~ (q - 1 ) ® (“1)"' with respoot to the deeomposition 
< 8 ) V. The relation (18.101) ean thus be rewritten in bloek matrix form as 




^-l)"'7rnew(x) 


7rnew(x), 


( 8 . 12 ) 


This is an operator aeting on (8) V where eaeh bloek aets on V. 

Proof of (18.101) . To prove this faet it is enough to show that it holds for the generators f, ki. 
To do so, it is eonvenient to rewrite the representation -k^ in terms of new variables y* that are 
defined sueh that 


7r+(/i) = 


A 


q — q~^ * Q — Q 

It is not hard to see that (18.131) will hold provided that 


-1 Q 

U. V,; = - 


M-1 

M A 


— Yi y*+i, 7r+(fci) = 


Ui ^i+l 


(8.13) 


logy* = jYl (ui Ui , 


(8.14) 


where was defined in (14.251) . The variables y* satisfy the following exehange relations 

Yi Yj = Yj Yi , Ui yj = yj Ui, (8.15) 


where Yij = 6ij — l + -^{i — j)mod-M- One of the advantages of introdueing yfs is that they will 
allow us to simplify the study of tensor produets involving 7r+ by use of the following formulas 

(I0 7ri) A(/,) = A-'(y)-g^(^/* + 0 y,+i y^X A(y), (g.ib) 

(1 0 ttI) A{q^^) = A-\y) ■ gifr 0 Ui ■ A(y) , (8.17) 

where e = etot, fi = and A(y) := yi_ 

Proof of (18.161) .' It is straightforward to eheek that 

A-'(y) • Ui ® 1) • A(y) = h q+-^^^ 0 y'A y,, (8.18) 

where 

Ei = Ui + ej+i — 1) + — (1 — e) . (8.19) 

It is furthermore easy to verify that A(y)“^ (1 0 y^) A(y) = q~ EkLi ^ y._ Noting that 

Yij - Yi+ij = , if j ^ z, i + 1, (8.20) 
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one finds that 


A-'(y) (l®yi+ly^■') A(y) = ® yr'ym • 

The identity (18.161) follows easily by eombining (18.181) and (18.211) . 

For the fermionie Foek spaee representation (18.5L using = (g — g“^)nj + q~^ 
(18.161) ean be rewritten in the following way 

= A~\y) ■ (^Ci+i{ci - g^Ci+i) - O y^+i y"^ • A(y), 


( 8 . 21 ) 

□ 

, the identity 


( 8 . 22 ) 


where := An ^-^n- The triangular strueture (18.101) will follow easily from (18.221) . This 

is best seen by performing a diserete Fourier transform along the affine Dynkin diagram as 
follows 


c(p) := 


1 

\/M 


E 


27rip p _ 

C£ 


c(p) : = 


1 

Vm 


E 


_ 27Tip n 

e 


Q. 


i=\ 


(8.23) 


This transformation preserves the anti-eommutation relations (18.41) . We are going to show that 
(18.101) holds with projeetors 


nf) := A-i(y) N{i) A(y), nf := A-i(y) N{i) A(y), (8.24) 


where N(p) = c{p)c{p) and N(p) = c{p)c{p). Indeed, using (18.221) and (18.241) . the relation 
(18.101) for x = rewritten as 


N(£) [cj+i{cj - uiCj+i)] N(£) = 0, (8.25a) 

N(£) [c,+i(c, - uj£ c,+i)] N(f) = M£j N(f), (8.25b) 

N{i) [c,+i(c, - ue c,+i)] N(£) = N(£), (8.25e) 

where ue = and ^ is the same in the last two lines. Notiee that the term proportional 

to the identity in the first tensor faetor of (18.221) has already been simplified. The interested 
reader ean find the speeialization of the formulae above to the ease M = 2 in Appendix iDl 

In order to prove (18.251) let us rewrite the relevant eombination entering (18.221) in terms of 
momentum spaee oseillators as 

.. M-l 

Ci+i(cj-c/nCj+i) = - g„)c{k)c{p). (8.26) 

p,k =0 

The projeetors N(£), N((') aet in a simple way on Fourier transformed fermionie oseillators 

N{e)c{k)c{p)'N{i) = 6e^p{l-6e^k) c{k)c{p), 

N(£) c{k)c{p)N{i) = (1 - 6 e,p) (1 - Sex) c{k)c{p) N(£), 

N(f) c{k)c{p)'N{i) = [ (1 - 6 e,p) (1 - Sex) + Se,kSe,p] c{k)c{p) N(£). 
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(8.27a) 

(8.27b) 

(8.27o) 

































Applying these relations to (18.261) with = ue, relation (18.251) follows with given as 

^ ^ — U£)c{k)c{p). (8.28) 

p,k^£ 

Notiee that the oseillator of’’momentum” i does not appear in this expression. We have thereby 
eompleted the proof of the triangular strueture (18.101) . □ 

It is worth to emphasize that while for (I8.10al) to hold it is enough to have g„ = Ui, the relations 
(l8.10bL (I8.10el) further require that is independent of k, see (18.221) . The values (18.91) 

follows from these requirements. From the explieit form of the projeetors the deeomposition 
(18.1 II) is easy to interpret: up to the similarity transform A(y) one has 

Vi ~ J-i 0 , V 2 ~ J-2 ® H , (8.29) 

where and J ^2 corresponds to the subspaces of the Fock space where the £-th mode os¬ 
cillators is respectively absent or present. They are clearly isomorphic and their total number 
operator n differs by one unit. 

It is clear that the Baxter equation (18.11) will immediately follow from our preliminary observa¬ 
tion (18.61) combined with the triangular structure (18.121) . This is so as the operators appearing in 
the diagonal elements of the matrix in (18.121) coincide up to a sign, from which the vanishing of 
traces over ®l-i follows. 

Remark 9. The form of projectors (I8.24L the similarity transform A(y) and the introduction 
of the fermionic oscillators in (18.231) is motivated by the study of (vr"'' 0 . Indeed, the 

triangular structure of (7r+ 0 7r'^)A for special values of the spectral parameter is related to 
values of the spectral parameter for which the operator (7r+ 0 has a non-trivial kernel. 

Remark 10. A form of the Baxter equation similar to (18.11) was derived in iHiOll for M = 
3 using different techniques. In the language of this paper the model considered in HHiOlU 
corresponds to the quantum space to be (vr” 0 ... 0 vr” ■)AW. 

Remark 11. One may notice that for any a G V{g{b~) there exist ll/(a) such that 

(tt^" 0 A(a) = A“^(y) {c(f) 0 1,'k(a)} A+^(y), (8.30) 

where {a,b} := ab + ba. The explicit form of 'k(g^*) and '&(/*) is easily obtained from the 
discussion above, the existence of 'k(a) follows. 

8.1.3 Tensor products and Drinfeld’s currents 

It is instructive to spell out explicitly what happens to the imaginary root vectors when taking 
the tensor product (vr^" 0 tt^") A as in (18.71) . We will use these observations in Section [8. 4. II to 
show that (18.81) holds for the choice of quantum space studied in this paper. 
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The imaginary root vectors are encoded in the generating currents 1 + F'{z), 
defined in (15.91) . Their image under ttj- and 7 r+ is given by 

1 — iCj Z~^ q,2{ni-ni+i) 


y-l 


TT^ (1 + Fl(z)) = l + ^ 


(8.31a) 

(8.31b) 


The first expression is derived in Appendix 1C. 2. 31 the second is equivalent to (16.101) . These 
are rational expressions in 2 ;. An important feature of the imaginary root currents is that in 
many cases their (generalized) eigenvalues behave multiplicatively under tensor product. We 
will return to this observation in Section [ 8 . 4. 21 where we will also present some new interesting 
counter examples. For now, let us see explicitly how this works in the case relevant for the 
Baxter equation. 

The form of the imaginary root currents for the tensor product of these representation is encoded 
in the following relation 

A(y) A (1 + F^iz))] A{y)-^= [ 7 r^"(l + F'{z)) 0 7 r^"(l + F'{z))] S (8.32) 


where 


S = {1- g„ cm-iCm) ■■■{I- gn C 2 C 3 ) (1 - g„ C 1 C 2 ) gn = q 


(8.33) 


Notice that S is invertible for any value of gn- The equality (18.321) can be verified by lengthy 
calculations using the iterative construction of root vectors given in Section [5.2.1[ It also follows 
from Theorem 8.1 of [|KhT94| . 

It is manifest from (18.321) and (18.311) that the tensor product (ttjt® 7 r+) A(1 + Fl{z)) is a rational 
expression in z. If we rewrite (I8.31al) for i = M — 1 as follows 

1 + { — O’" g2(nM-i-nM) 


(1 + = 
it is then clear that for 


1 + {-q~^Hn)^ q'^ z-^ 


(An) = [-q ^ An) , 


(8.34) 


(8.35) 


the zero of ^T+{l + Fj^_-^^{z)) cancels with the pole of Trjr(l + Flj_-^^{z)). This mechanism signals 
the reducibility of the tensor product. Indeed, the condition (18.351) follows from (18.91) . 


8.1.4 The representation 7r+ and the Baxter equation 

There is a second representation that can be used in auxiliary space to construct Baxter Q- 
operators: 

= —^Ui+iVi = —(8.36) 
q—q q—q 
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Following similar steps as the one given above for 7r+, we can show that 

M 

^(_l)fcT(fc)(gT()Q+(a;gT() = 0, (8.37) 

k=0 

where are the same as in (18.11) . For M = 2,7r+ = 7f+ and one can show that the two Baxter 
equations (18.11) and (18.361) are indeed equivalent by noticing that = 1 and 

—u squares to one when u does. 

We collect some of the relevant formulae used in the derivation 

(1 ® ti) A(/.) = A-'(y) . ,1-2.-.^ y-i. A(y), (8.38) 

where /* = fi. From the equality above the analog of (18.221) follows 

«'’®7f+")A(/i) = A“^(y)-/rng'^ (^(q+i - gnCi)ci + ^ y^+iy»~^-A(y), (8.39) 

where % ■= ^An. The tensor product representation exhibit triangular structure for = 

oji. Together with the condition that /Xn 7^ is independent of n this implies that An = ug ^ 
and fin = C- 

Let us finally quote the formulae for the Drinfeld currents relevant for this case. We have 


nl{l + Fl{z)) 


1 + A^ . 

1 + g2(ni-n2) ^-1 

1 + q~'^ z~^ 


(8.40a) 

(8.40b) 


The poles in the tensor product (tt^" ® A+")A cancels under the condition that (An)^ = 
■ In the special case M = 2 the representations 7r+ and 7f+ are manifestly the same 
and the current (18.341) coincides with (I8.40bl) . 


8.2 Renormalization of the imaginary root contribution to the universal 
R-matrix 

We had previously observed that the imaginary root contributions play a key role for the validity 
of the identity (18.81) underlying the derivation of the Baxter equation (18.11) presented in Section 
[Q As a preparation for the verification of (18.81) we shall now introduce a prescription for 
renormalising the imaginary root contribution to the universal R-matrix 
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8.2.1 Renormalization prescription for the imaginary root contributions 


In order to formulate our preseription it is neeessary to spell out the strueture of the imaginary 
root eurrents first. As in the ease of Wq(g[ 2 ) imaginary root eurrents form a eommutative algebra. 
We will restriet our attention to representations in whieh the eurrents are represented by rational 
functions of the form 


7r+(l + i^'(z)) 


+ D+J’ 




Ylth (1 + ^ ^ J 

]\ t=l (1 + ^ t , i ) 


(8.41) 


It will be shown in Section [8 .2.3 1 below that this condition holds for a large class of represen¬ 
tation including the ones we are interested in. Moreover this property is preserved by taking 
tensor products. 

Next notice that the coefficients Um,ij given in (15.181) that enter the imaginary root contributions 
to the universal R-matrix (15.151) . can be rewritten using 


kij 

(_!)»«-») = (-1)”" X) (-«)”'''«-""■* tI*’, (8.42) 

S=1 


where kij := M — \i — j\ — 1, and yfj = 6 s,a+b-i- In order to derive this 

relation one rewrites [ n\q = 

With this observations in mind it is clear that, before renormalization, the contribution of imag¬ 
inary roots for given representations takes the form of a finite product where 

Sq{w) is defined in (15.341) . Our renormalization prescriptions consists in replacing eqM{w) with 
8 Mb'^{w) defined in (17.71) . For convenience we report the definition here 

^Mb^{w) := exp ( f ^ • h(Mh 2 +\ • 

V JR+io smh{MbH) smh(f) J 

The prescription above can be formulated more explicitly as follows 


[(tT+OtT )^^s]r,n = 


M -1 TT'ii,+ 


n 


itfS n".r, e.AK, ® n,(=i 5«(Nji ® d,),) (8.44) 


ns; n".r. 6«(Ni ® n,-;,,) n£t n?.-, ® 

where the image of the imaginary root currents under is given in (18.411) and 


r d A _ 


S=1 


Gijix) := JJ (SMb^ ((-1)^ x) 




(8.45) 


k — 2s-\-l 


using the notation ps(fc) := 2 
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8.2.2 Examples of renormalized imaginary root contributions 


In this section we calculate the currents and formulate the resulting prescription (18.441) for the 
renormalization of imaginary root contributions for the basic representations of our interest. Let 
us start recalling the form of imaginary root currents for prefundamental representations 


7r+ (1 + Fl{z)) = 1 + , (8.46a) 

f + (1 + F',{z)) = 1 + z -^, (8.46b) 

TT,- (1 + E[{z)) = 1 + z-' , (8.46c) 

(1 + £;'(^)) = 1 + 5,^1 z-\ (8.46d) 


These equations are collected from (18.311) . (18.401) . (I6.52cl) and (16.131) . Let us define 

:= (r±6{±,±}, (8.47) 

compare to (16.361) . Following the prescription given in (18.441) one obtains 

M-l 

p* (c)= p* (c)= n sm,? (-()*'-=* c") ’ *'*'"'*‘'* 

Notice that for M = 2, these two expressions coincide and are equal to (17.61) . 

The next example is the renormalization of ® 7r~)^Zs- case, the prescription (18.441) 

for the currents (I8.31L and (I8.46cl) gives 




^Mb'2 (—gAr g,-2MnM) ’ 


n—Af _ 

g_ := -q M /i„ i/ \ (8.49) 


This equality results after a cancellation of terms in (18.441) . The simplification does not rely 
on any special property of the function £Mb'^{td) and uses the fact that each n* takes the values 
{0,1}. At this point one can use the property x) = (1 + x)8Mb'^{<l~^x) to rewrite 



) (l , 


SMb^ 

' £MiH-q^9-) ' 

(8.50) 

A similar analysis gives 






(l -^^hi) , 

^A9-) 

£Mb^ {-q^-^-g^) 

(8.51) 


where 


n-M 

g_-=q M 


n := M — n, n* := 1 — Uj. 


(8.52) 


More examples of renormalization of imaginary root contributions are presented in the follow¬ 
ing section and Appendix IB. 2. 1[ 
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Lax operators for T(A). Using the results (18.501) (18.511) we ean write down the explicit ex¬ 
pression obtained from the renormalized universal R-matrix for the Lax operators entering the 
tranfer matrices (18.31) with quantum space (18.951) . 

■ M 

n 

.p=i 

■ M 

n 

_p=i 

The variables and entering the expressions above are introduced in (l6.52aL (IE.51) (equiv¬ 
alently in (I8.13L (18.361) 1 and the fermionic number operators N(p) = c(p)c(p) and N(p) = 
c(p)c(p) are defined in terms of the fermionic oscillators (18.231) in ’’momentum space” conju¬ 
gated to the Dynkin diagram circle. The main steps of the dervation are left to Appendix IE. 2 1 
The Eax operators (I6.26L (16.11) can be recovered from these expressions upon acting on the 
subspace of the fermionic Eock space where the total number operator n has eigenvalue 1. 


[«n ^ ]ren = A(y) 


[«n ^ ]ren = A(y) 


_ 27Tip \ 

1 — g_e N(p) j 


A-'(y)A(u), (8.53) 


27rip - \ 


1 — g_e M N(p)j 


A-'(y)A(u). (8.54) 


8.2.3 Rationality of the imaginary root currents 


It remains to show that the currents are indeed represented by rational functions of the form 
(18.411) in the representations of our interest. To this aim we need to generalise the proof of the 
rationality of the currents described in Section FO for the case of Wq(gl 2 ) to Wq(gljy^). This turns 
out to be somewhat more involved. We will outline the proof below, leaving some technical 
details to appendices. 

It will be useful to consider the so-called universal Eax matrix 


.if(A) := (tt^ (g) l) , 


(8.55) 


where is the fundamental representation of defined in (16.21) . It follows from the 

universal Yang-Baxter equation (14.231) that =Sf(A) satisfies the quadratic relations (13.161) . The 
product formula for the universal R-matrices yields a triangular decomposition of the form 


= 1 + Y E 


i>j 



ai{X) E 



(A) E, 


(8.56) 


where Eij are the matrix units, as before. It can be shown, see Appendixfor details, that for 
any matrix (A) that satisfies the relations (13.161) the following relations hold 


Op (A) 


Ap{q V A) 
Ap_i{q-M A) ’ 


Ap(A) := q-det(^[^l(Af)), 


Ao(A):=l, (8.57) 
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where pk = ™ and the p x p matriees are defined as 

(^M(a¥)),, - (.^■(A)),_, , *,j = l,2,...,p. (8.58) 

The quantum determinant q-det (A)) in (18.571) is defined by an expression of the form 


q-det(^(A)) = (8.59) 

= Ca{q) =Sf<A(i),i(g“^^^A) =Sf<A(2),2(<?“^^'A) ... =^a(M),M(g“^^*'A), 

(T&&M 

The summation in (18.591) is extended over all permutations a of M elements. An explicit for¬ 
mula for the coefficients Ccr{q) in (18.591) can be found in (IA.7I) . Note that [Ap(A), Aq{p)] = 0. 

We are interested in the contributions of the imaginary root generators to the universal Lax 
matrix contained in generating functions ki{\) defined via 

M 

{7r{ 0 l)^Zs = 

i=l 

The explicit form of ki{X) can be obtained using the definition see (15.151) with (15.181) . and 
the explicit formula for given in Appendix 1C.2.31 . One can verify by direct comparison 

that ki{X) satisfy the following relations 




i + Eiii-qyx-^), 


M 

Wki{q-^P^X) = 1, 

^=1 


(8.61) 


where 1 + E-{z) is defined in (15.91) and pi = ^ are the components of the Weyl vector. 
Combining this observation with (18.571) and 

M 

{7i{ 0 1) q-^ = J2 En ® q^~"' ■ (8.62) 

i=l 


we obtain 


l + i7'((-l)A-^) 


A^+i(A)A^_i(A) 

Ai{q-JiX)Ai{q+iiX) 


(8.63) 


where Aj(A) are defined in (18.571) . Notice that this combination remains unchanged if we rescale 
the matrix =^(A) by an overall function of A. Formula (18.631) allows us to complete the proof 
of rationality of the currents for the representations of interest along the lines of Section 17.21 
It suffices to note that the generating functions A* (A) get represented, up to an ^-independent 
factor proportional to the identity, by polynomials in A. We have checked this fact explicitly for 
the basic representations of our interest, and it will continue to hold for any tensor product of 
these representations. 
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Remark 12. In Section |4?T] we presented a realization of the quantum affine algebra V{q(g) in 
terms of 3r generators. This presentation is due to Drinfel’d and Jimbo HDrli HI. There is 
an other realization known as Drinfel’d second realization [|Dr87ll . This realization involves 
certain currents which, as explained in [|KhT2ll . are directly connected to the root vectors defined 
in Section 15.2.11 The isomorphism between the realization of Drinfel’d and Jimbo and the 
Drinfel’d second realization has been proven in UBelll . 

In the case g = sIm there is yet an other presentation of the quantum affine algebra following 
the Leningrad school, see UFaRTl iReSel . The isomorphism between this realization and the 
Drinfel’d second realization was establshed in HDFL We may note that the universal Lax matrix 
introduced above contains (half) of the generators of Wq(s[M) in the presentation of UFaRTl 
IReSel . The proof above therefore combines elements of all three realisations. 


8.3 Co-product of imaginary root generators 


In Section [73] we had found the useful identity (17.301) expressing the mixing between real and 
imaginary roots under co-product in the case of Uq{sl 2 ). It allowed us to analyse possible 
consistency conditions on the renormalisation of the imaginary root contributions that might 
arise from this mixing. We shall now describe the generalisation of the identity (17.301) to the 
case of As a useful generating function we shall again consider 

0 1 := (l 0 7i~) (Z^Zs) , (8-64) 


The explicit expression of follows from the definitions (18.681) . (15.151) and the form of 

the imaginary root vectors given in (I6.52cl) : 


[V) = 


with 


/ oo 

exp ^ 

Vm=l 

(_l)m+l 

V 

m 

qmM _ 

) . ( mM 

) ■— \H 


M-l 

i=l 


■/, 


{M-l) 


p(0 


(8.65) 


( 8 . 66 ) 


and Um,ij given in (15.181) . We are going to show that the co-product of takes the form 


A 


,(z/)) = eq{v ^E) , 


(8.67) 


generalising (17.301) to the cases with M > 2. We are using the notation Tq = q — q ^ and 


:= T, 


M-l 

2 (g) , 


( 8 . 68 ) 


i=i 
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is the combination of real root generators appearing in the co-product of In the def¬ 

inition of S the terms in the second tensor factor /°p are constructed using the opposite root 
ordering compared to the one defined in Appendix 1C. 1 .21 which is used for the construction of 
fj. Their explicit expression can be found in (IE.50I) . 

In the following we will report the main ideas that enter the derivation of (18.671) leaving most of 
the technical details to Appendix IE. 31 The first observation is the following 

(l0 7r“)(e^“) = A(y) (g) l) A“^(y), A(y) := e^*=i(8.69) 


where e* are the Cartan generators (14.61) and the variables y* are introduced in (18.131) . Notice that 
we have already used the operators yj and the similarity transform A(y) to simplify the study 
of tensor products involving vr^ in Section (18.1.21) . The explicit expression of follows 

from the product formula of the universal R-matrix (15.121) and the form of (1 ®7r )(/-y®e^) 
for 7 a real root given in (IE.7I) . It takes the form 


^ (z/) = (z/) iy ), 


.^-(z.)= £,(X^_,)...£,(Xn, 


(8.70) 


where 


X,:<: = 


:= TqU 


'.-1 


fi, 


K ■=rqi> 


._ q-2 (ci-l-ei+l-l) 


/*, (8.71) 


with u = u and Tq = q — q~^. The fact that only finitely many real roots contribute to the 
product formula (15.121) is due to the special property of tt” spelled out in Section [6321 Notice 
that the nested commutator in the definition of X^ is 

[• • • [/o, /i],..., /,_i] = . (8.72) 


The commutation relations and coproduct formulae for the elements (18.71!) are collected in 
Appendix IE.31 

The second ingredient used in derivation of (18.67!) are certain identities satisfied by eq{X). In 
addition to the relations (I7.37L (17.401) used in Section 173] in the case M = 2, the following 
generalized pentagon equation holds 

/yu - UV\ 

eq{V)eq{U) = SqiU) Sq f ^ J £,(f^) , (8.73) 

if 

q-^V^U+ {q + q-^)VUV+ q^^UV^ = 0, (8.74) 

q+^U'^V +{q + q-^)UVU + q-^VU^ = 0. (8.75) 
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Notice that the identity (17.401) is a special case of (18.731) iorUV = q '^VU. The two basie 
identities (17.371) and (18.731) are known to be satisfied by eq{x). 


The last important observation used in the derivation is that 

= 0, for j = 1,.. 


M-2, 


(8.76) 


where are defined in (18.661) . This follow from the definition (18.661) and the eommutation 


relation^ (15.171) . 

Remark 13. For future use let us note that the relations obtained from (18.731) by replacing eq{x) 
by Sq{x) and U, V by positive self-adjoint operators are also satisfied, see e.g. Ppl2[ for a 
derivation. The identities obtained by using our renormalisation preseription to define the eval¬ 
uation of A (^Zs(^)) representations of modular double type will therefore also be valid. 
Remark 14. The identity (18.671) is understood as an equality of formal power series in the spee- 
tral parameter. One may notice that the the first non-trivial term in this expansion reads 


® 1 -1 ® /r”'' = w], s. (8.77) 

Within this interpretation, the relation (18.671) provides a compaet expression for the coproduet 
of imaginary root vectors. This should be eompared with known expressions in the literature 
from [|Dam2l and [|KhT941 . In [|KhT941 an explieit twist that maps the coproduct defined in this 
paper, to the so-called Drinfeld coproduct, with respect to which imaginary roots are primitive 
elements, is eonstrueted. This form is not of direet use when both tensor faetors eorrespond to 
representations of Wg(b+) that eannot be extended to representations of the full ^^(sIm)- 
Remark 15. The quantity defined in (18.681) appeared also in HFrHl (Seetion 7.2), where it 
is ealled Ti=M-i{z). 




f(M-l) 


8.4 Checks of compatibility 


In the previous section we had verified in the case of lAq{s{ 2 ) that the proposed renormalisation 
preseription preserves all the basie properties of the universal R-matriees. This was found to be 
a eonsequenee of the faet that the funetion Sq{x) used to define the renormalisation of the real 
root eontributions satisfies the same funetional relations (I7.37L (I7.40L and (18.731) as are satisfied 
by the funetion eq{x) appearing in the produet formula. In the following we will outline how to 
generalise this diseussion to the case of ^^(sIm)- 


It will furthermore be explained how the eonsequenees of the identity (18.671) are eonsistent with 
the renormalisation preseription 




M-1 


n 




(8.78) 


is actually obtained by applying the Cartan anti-involution (I4.141 i to (15.171) 
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This will again be a consequence of the functional equations satisfied by the special function 

Sq{x). 


8.4.1 The case of ttjf ® vr+ and the Baxter equation 

In the following we verify (18.671) when the first two tensor factors are chosen as ttj- $$ 7r+. We 
leave the proof of the identity involving real root contributions, generalizing the one presented 
in Section 17.4.3 [ to Appendix IE.4I This is a prototypical example of tensor products involving 
finite dimensional representations and modular double type representations. This verification, 
supplemented with a similar analysis where tt” is replaced by if” that goes along the same lines, 
allows to complete the proof of the Baxter equation. 


Explicit verification of ® 7r+ applied to (18.671) The verification of (18.671) in this case 
is greatly simplified by the analysis of imaginary root currents given in Section 18.1.31 More 
specifically, the relation (18.321) implies that the left hand side of (18.671) can be rewritten using 

^(y) [(^?n ® ^ K ® s ■ (8-79) 

where S is given in (18.331) . Concerning the right hand side, the following holds: 


A(y) [{'x'p 0 vr+J S] A(y)-^ = 5' 


(1 - 


g-^M) , 

(8.80) 

/M-l \ 

Cm, 

(8.81) 


where 9j:{x) is defined in (18.501) and the operator is central. The equality (18.811) 

follows from (IE. 1051) and the definition (18.681) . 

It follows from these observations and the prescription (17.441) for 0 1) that (18.671) 

reduces to 

(l - Um) S = {l- Um) (l + H') . (8.82) 

This simple equality of operators acting on the fermionic Eock space holds as a consequence of 


M-l 

S~^cmS = Cm g^~^ c^. (8.83) 

k=l 

In order to reduce (18.821) to (18.831) . one can use the explicit form of 5' and the following rela¬ 
tions: XiM Cm = ^,S commutes with Cm and {XnA{g_)~^ = {gnA■ The identity (18.831) 
is easy to show. □ 
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8.4.2 Checks of (18.671) evaluated on prefundamental representations 


This section contains an explicit verification of the identity that follows from (18.671) after ap¬ 
plying 7r+ 0 7f+ or 7r+ 0 7r+ to it. The verification requires a careful study of the the image of 
imaginary root currents under the tensor product representations (7r+ ® Tf'*') A or ® tt"'') A. 
These are representations oiUq{b~). We will see that in this case the (generalized) eigenval¬ 
ues of imaginary root currents do not behave multiplicatively under tensor product, see (18.841) 
and (18.891) below. This should be compared to a rather general result, which is a corollary of 
Theorem 8.1 of ||KhT94| , which states the following: 

Let TTfuii be a representation of Wg(g) and 7r+ a representation of Uq{b~), then the generalized 
eigenvalues of ( 77^11 ® 7r+) A (1 -f Fl{z)) and ( 77 + (g) 77fuii) A (1 -f F'{z)) are equal to the eigen¬ 
values of 77+ (1 -f Fl{z)) X 77fuii (1 -f F'{z)). Notice that this result, once supplemented by the 
information that any finite dimensional representation of Ug{b~) can be extended to a finite 
dimensional representation of V(g(Q), implies the result of Proposition 1 in HFrRH . 


Explicit verification of 77 + (g) 77 + applied to (18.671) . As in the example in Section 18.4.11 in 
order to verify (18.671) . we need to evaluate two basic quantities: (1) the coproduct of imaginary 
root currents, (2) the element S defined in (18.681) . Let us proceed in order. On the one hand the 
currents of imaginary root vectors for the tensor product of two prefundamental representations 
77+ take a particularly simple form 


( 77 + 0 TT+J A (1 + T;'( 2 ;)) 


1 


i M — 2, M — 1 


< 1 -f r 2 ; ^ i 

(l+Af z-i)(i+Af z-i) 


M-2 


M -1 


(8.84) 


where Tg = q — q~^ and the operator r is given below. The result (18.841) follows from a straight¬ 
forward but lengthy calculation. The form (18.841) is not too surprising if we recall that, in the 
special case of Ug{s\M), the imaginary root currents can be computed using the formula (18.631) 
with Af replaced by L+L+. It follows from (18.841) that the linear combination of imaginary roots 
defined in (18.661) satisfies the relation 


« ® O - /i? ® 1 - 1 ® fmS 


The result (18.841) with the definition (18.681) implies that 


(M-l) 


= 




= Sb 2 {v ^ r) 


(8.85) 


( 8 . 86 ) 


In writing the left hand side of this expression we have used the fact that the denominator is 
represented by central elements. The identity (18.861) is then obtained by first computing (18.851) 
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and then applying the renormalization preseription to the expression (18.651) . It is instruetive to 
rederive (18.861) from the general formula (18.781) with 7 r+ (vr^^ ( 8 ) vr^^)A. From this point of 

view (18.861) holds as a eonsequenee of the following identity 




M 

S=1 


(8.87) 


with a; = r. The first equality in (18.871) follows from the definition of Gij{x) given in (18.451) and 
does not use any property of SMb^ (x). The seeond equality in (18.871) is a simple eonsequenee of 
the definition (18.431) . 

In order to eomplete the verifieation that (18.671) holds when we apply the representation 7 r+ ( 8 ) 7 r+, 
we need to evaluate the image of S defined in (18.681) . A simple ealeulation shows that 


M-l 

(7r+ 0 TT+J E = {q- q-^)^ ^ (fj-i ... fi fo) 0 (Im-i • • • fj+i fj) = r , (8.88) 

i=i 

with TT~^{fs-(ej-eM)) 7 r+(/°'Lejv^) given in (16.91) and below (IE. 1041) respeeively. Above we 
used the by now standard notation (vr^^ 0 7 r^J(/j 0 / 7 ) = fi 0 fj- The operator r is the same as 
the one appearing in the eurrents (18.841) . This eonelude the eheek in this ease. 


Explicit verification of 7 r+ 0 7 r+ applied to (18.671) . The steps are the same as in the previous 
paragraph with important struetural differenees. The imaginary root eurrents take the form 


(7r+ 0 7r+J A (1 + T;'(z)) 


(1 + z ^ Xi-i) {1 + z ^Aj+i) 
{l-q-^z-^Xi){l-q+^z-^XG ’ 


(8.89) 


where 

Xi = Af"*A2 {h - ■ - {ti+i - ■ -tM) ti = (gu^v. 0 . (8.90) 

Notiee that U are eommuting operators and satisfy ti.. Am = 1- The linear eombination of 
imaginary roots defined in (18.661) satisfies the relation 


« 0 vr+J A(/^^ 


1 - 1 ® /, 


mS 


[M],™ (AiAf-^y”^ . (8.91) 


To obtain this expression it is useful to observe that most of the terms in the sum (18.661) eaneel 
with eaeh other due to the form (18.891) and the identity [i + l]gk + [i — l]gk — [i]gk (g^ + g *') — 0 . 
By a similar meehanism as in (I 8 . 86 L this implies that 


(7f+ 0 TT+J ® 




(8.92) 
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It is instructive to rederive (18.921) from the general formula (18.781) with 7r+ (tt^^ (g) 

From this point of view (18.921) holds as a eonsequence of 

P"* (teo)p^ {<^m) P"* (i^o)P'' (^m) 

(8.93) 

with oji = Xj and p^i^2(a;) defined in (18.481) . The first equality in (18.931) does not uses any 
property of the speeial function SMb^iuj)- The seeond equality is the same as in (18.871) . For the 
right hand side of (18.671) one finds that 

(7f+ (g) TT+J S = (g - q-^)^ fo » (Iju-i... (2 fi) = AiAf , (8.94) 

where S is defined in (18.681) The form of 7r~^{fs-(ej-eM)) = ^0 follows from the definition 

(18.361) and the iterative eonstruction of root veetors, the second tensor faetor 7r+ given 

below (IE. 1041) . This eoneludes the verifieation of (18.671) in this ease. 

8.5 Modular duality and quantum Wronskian relations 

By dividing the Q-operators by the sealar faetors eoming from the imaginary roots one obtains 
Q-operators that are manifestly self-dual under b —)■ b~^. We are now going to show that this 
has important consequenees, leading to funetional relations among the Q-operators of quantum 
Wronskian type. In the ease M = 2 it has been observed in HZOOl that sueh funetional relations 
ean be solved to express the eigenvalues of Q-operators in terms of solutions to eertain nonlinear 
differenee equations of thermodynamie Bethe ansatz (TBA) type. 

8.5.1 Rewriting the Baxter equations 

When the quantum space is taken as 

= (tt-^ ® g) • • • O Tf- (g) Tf^J A(2^)(a) a G Wg(b+) . (8.95) 

the transfer matrices entering the Baxter equation (18.11) can be rewritten as follows 

Q+(C) = S(C)q+(C), tW(C) = eW(C)4(C), 4=1,. ...M-l, ( 8 . 96 ) 

where 

N N 

H(C) := n e<*l(C) - n (C'=«-')»i(Csp). (8.97) 

a=l a=l 

The funetion p^^''^(C) are given in (18.481) and the form of 0l{() follows from (18.501) . (18.511) to be 

,- 7 .^ ^Mb^ii-ir-^< 1 -^n = (-n t8 98 i 
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The remaining transfer matriees involved in (18.11) are simply given by = 1. 

The rewriting above is convenient because the transfer matrices tk{C) q^(C) have simpler 
analytic properties as functions of the spectral parameter compared to their ancestors. 


Inserting (18.961) in the Baxter equation (18.11) and dividing by S(—g C) we obtain 

M-l 

k=l 

= A(C) q+(-a; q-\) + {-1)^ q+(-a; q+\), 

where 

.M\ M-l 


N 


A(c) := = n 

a=l 


Cfc(C) : = 


-g+H) 

2k-M ,, 

T-g ^ C) 

E{-q+^C) 




n 1 




a / 


N M-k-l 


q 


-q- 


c 


Kn 




0W(g^c) = n n 


I-l „M-2s C 


M 


K. 


M 


(8.99) 


( 8 . 100 ) 


( 8 . 101 ) 


a=l 5=1 

Notice that compared to (18.11) we reabsorbed the M-th root of unity ce in the definition of C- In 
order to derive (18.1001) it is useful to notice that 


_l—/ \\ M—1 

= n + = q-det(L-(A)) , (8.102a) 

= (1+ (-!)"-'A") = q-det(L-(A)). (8.102b) 


8.5.2 Elementary properties of functional difference equations 

Consider the M-th order functional difference equation for g(A) 

M 

5^(-l)'=4(A)g['^](A) = 0, (8.103) 

k=0 

where /f*^^(A) means to shift the argument of /(A) in certain units, e.g. /^^^(A) := /(p^A). We 
set to(A) = fM(A) = 1. This is the generic situation as they can be reintroduced by rescaling 
the equation (18.1031) with to{X) and by redefining g(A). Let us recall two elementary facts about 
functional difference relations: 

1. Let gi(A),..., gM(A) be M solutions of (18.1031) then the quantum Wronskian 

W{\) := , del (,'“-‘'(A)) . (8.104) 

l<a,o<M \ / 

is a quasiconstant, i.e. iy(A) = ILh](A). 


no 





















(8.105) 


2. Let gi(A),..., gM-i(A) be M — 1 solutions of (18.1031) then 

(’LAa)) . 

satisfies the conjugate Baxter equation 

M 

5^(-1)'=4(A)#1(A) = 0, 4(A) := 4"J(A). (8.106) 

/c=0 

The statements can strengthened considerable provided one is dealing with Q-operators that are 
self-dual under b —?■ b~^. 


8.5.3 Modular duality 


It is manifest from its explicit expression that q^(C) is invariant upon replacing b with b~^. This 
means that q^(C) satisfies a dual Baxter equation obtained by replacing b with b~^. In order 
to make the behaviour under b ^ b~^ more visible let us introduce u ■= ^ log C along with 
Sa ■= ^ log Ha and Sa ■= ^ log Ra- Multiplication by q'^ and in the C-plane translates 
into shifts by —ib~^^ and —ib~^ in the w-plane. 

We have already observed in the remark below (18.51) that one can obtain M solutions to the 
Baxter equation (18.11) by shifting the argument of the Q-operator as follows Q+(a;£(C) with 
The dual Baxter equation guarantees that these are linear independent. It will be 
argued that the following relations hold 


det (u — i(k b'^^ + i b ^)) = F(m — Mcb), 

i<k,e<M ^ \ 

where the operator F(m) is determined up to a u-independent operator as 


(8.107) 


N r 


F(«) = F„n 


a=l 


M-1 


edu - Sn 


Cb) eb{u - Sa + {2s - M - l)cb) 


s=i 


(8.108) 


We had noted above that the Baxter equation implies quasi-constancy of F(m), more precisely 
we find in our case the functional equation 

F{u — Mcb) = A{—qe^'^)f{u + ib — Mcb). (8.109) 


The dual Baxter equation obtained by replacing b —)■ b~^ in the coefficients implies that F{u) 
must satisfy a very similar difference equation with b replaced by b~^. These equations posses 
the manifestly self-dual solution (18.1081) . Taken together these two difference equations de¬ 
termine F(m) up to a constant operator Fq. This operator can be determined by studying the 
asymptotics of q+(C) for cx), as was done for M = 2 in [iByTTJ. We intend to return to this 
question elsewhere. 


Ill 











Remark 16. It was observed in Remark[^above that the tensor product (g) • • -<^71^^ contains 
for generic values of {A^} an irreducible representations of evaluation type, as expressed more 
precisely in equation (16.501) . Formal reasoning indicates that for certain values of {As} there 
may exist invariant subspaces in the dual of (g) • • • <g) In particular for A^ = X there 
seems to exist a sub-representation isomorphic to the trivial representation. Similar observations 
have been used in the case of highest weight representations to derive functional relations sim¬ 
ilar to (18.1071) using resolutions of the identity representation of Bernstein-Gerfand-Gel’fand 
(BGG)-type HBaLZSi fBaHKi [BaFLMSi IDMI . It would be interesting to know if a similar ap¬ 
proach can be used to derive functional equations in the case of representations that do not have 
extremal weight vectors as considered in our paper. A more systematic analysis of the tensor 
products (vr^^ (g) • • • (g) and their connections with the functional relations involving 

Q-operators may be an interesting project for the future. 


Appendices 

A Quantum minors and triangular decomposition of ^(x) 

The quantum determininant. In this appendix we introduce the quantum determinant, see 
UKuSkSlI . UMol . nTar92l . It follows from the relation (13.161) that 

... ... (A.l) 

where 

■= ■ ■ ■ (ft,™' ' ' 6 End ((C")®’”) . (A.2) 

and 

„-l \M _ n\^ 

Ra,b = - -^-r^Ra,6(Aa, \), A, = g’M^^A , (A.3) 

q - 

with R(A,/i) given in (13.171) and pa = The indices a,b in Ra^ and ^a(X) entering 

(lA.ll) denotes the a-th (6-th) copy of in (C^)®™. One can show that TR[ 2 ...m projects into 
the totally antisymmetric part of in (C^)®™. The case m = M plays a distinguished role. 
On the one hand 

... AfM(g-^^-A)n -2 = q-det(Af(A)) H" , (A.4) 

where q-det (=Z'(A)) acts as a scalar in (C^)®^ and takes the form 

q-det(.if(A)) = ^ c^(g) =^^( 2 ), 2 (g"^^"A) ... =^„(m),m( 7 “®^"A) , 

a e 6 m 

(A.5) 
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where pk = ^ ■ The eoeffieients Ca{q) are determined by the relation 

(e< 7 (i) ® e„{ 2 ) e^(M)) = c^iq) n^ 2 ...M (ei 0 62 ... 0 Cm) , (A. 6 ) 

where e* denote the eanonical basis of C^, see UMoH . With a little inspeetion one finds that 
where 

M 

Ca{q) = f{a) =-—^{k-l){k - a{k)). (A.7) 

^ k=l 

One the other hand one ean show via the fusion proeedure that [q-det (.if (A)), (/i)] = 0. 

Examples: The definition above produce 

q-det(L”(A)) = 1 + (A. 8 ) 

where L~(A) is defined in (16.221) . Notice that only two permutation contributes to the expression 
for the quantum determinant given above: a = id and a = u := (2, 3,..., M, 1). The coeffi¬ 
cient in the quantum determinant are computed recalling that i{u) = M — 1 and f{u) = 1 — M. 

An other relevant example is 

(Ai(A)) = ui... Ui (1 - A^(-l)^), (A.9) 

2—1 

(A(A)) = Ui... u, n(l - (A.IO) 

s=i 

where Ai(A) are defined in (18.571) . Notice that for M = 2 the two expressions above coincide. 

Definition. It is convenient to define 

:= (^(A))„ , = (A.ll) 

This definition is motivated by the fact that =Sf (A) satisfies the same relations as =Sf (A) with M 
replaced by p. The expression for the quantum determinant of =2’[^1(A) is understood as (IA.5I) 
with M replaced by k. 

The quantum comatrix. Let us define the quantum comatrix A) of .5f (A) by 

^(g“M“A) =5f(g“j^A) = q-det (=Sf(A)) . (A.12) 

The matrix entries of =^(A) can be expressed in terms of quantum minors of =Sf(A). In the 
following we will need only the last diagonal elements given by 

where is defined in (18.581) 
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(A. 13) 












Triangular decomposition of ^{x). Consider the triangular decomposition of the type 
(18.561) of a matrix X with non-commutative entries Xij. One has 

Op = (((JfW)"') J = (A.14) 

The derivation of this fact is elementary, see e.g. Illohl for its application in a similar context. 
If X is replaced by =2’(A), one finds a simple expression for (IA.14I) as follows from (IA.12I) 
combined with (IA.13I) . The relation (18.571) follows. 


B On the evaluation representation 

In this appendix we review the definition of evaluation representation. Along the way we will 
obtain explicit formulae for the image of imaginary root currents under the evaluation homomor¬ 
phism. We could not find such expressions in the literature. These formulae allow to compute 
the image of the universal R-matrix under 0 ev, filling an apparent gap in the literature. 


B.l Jimbo evaluation homomorphism 


In [|J85l Jimbo introduced an homomorphism, usually called evaluation homomorphism and 
denoted by ev, from lAq{Q\j^) to Uq{Qij^). This homomorphism can be given in terms of the 
generators {e,, /,, ql} of and respectively, see e.g. (CP]. For the purposes of 

this section it is more convenient to exploit this homomorphism using 

ILev(A) := —(tt^ 0 ev),^“. (B.l) 

Pev (j 

It can be shown that, upon choosing the scalar factor Pev(A) appropriately (see below), one has 


M 

Lev(A) = ^ E,, 0 + A"^ 0 . (B.2) 

i=l i^j 

It follows from the universal Yang-Baxter equation (14.231) that this Lax operator satisfies the 
quadratic relations (13.161) . These relations, together with the specific dependence of Lev (A) 
on the spectral parameter A, provides a definition of Uq{Q[j^) in terms of the generators 

The fact that the definition (IB.II) gives rise to a Lax operator of the 
form (IB.21) follows from the interwining property (I4.9al) of the universal R-matrix. It is shown 
in Appendix IB .2 1 that this is the case upon defining 


ev(ei) = 


1-1 


■S, 


,*+i7 


-V-i 




q-q 


-1 


q 


Hi-'y c 


2+1,2 ? 


(B.3) 
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ev (B.4) 

A direct calculation of (IB.ll) using the infinite product formula for the universal R-matrix has 
been done for Uq{gi 2 ) in PKhST94ll . see also Section IT. 1 .Si and Uq{gl^) in PRalSP . As opposed 
to the derivation based on (I4.9al) . the direct calculation of the product formula determines the 
scalar factor pev(A) as well. In the following section we determine the image of the imaginary 
root vectors under the evaluation homomorphism and, as a byproduct, the factor pev(A). 

Remark 17. One may consider fixing the spectral parameter dependence of some Lax operator 
to be that of a degree k polynomial in for k < M. The case k = M corresponds to (IB.21) . 
An identification of the type (IB.ll) would then provide an homomorphisms form Uq{b^) to some 
algebra whose commutation relations are dictated by the (13.161) . The case k = 1 will produce 
L^(A) defined in (16.221) . 

Remark 18. The R-matrix in (13.171) is related to (IB.21) as follows 

(Lev(A)) = q^{q~^ - R(A, 1) , (B.5) 

upon setting q"' = —q^ in the left hand side. Moreover, the expression (17.171) coincide with 
(IB.21) in the special case M = 2, upon identifying q'^ = —q. 

B.2 Intertwining properties for Lev(A) 

It follows from the definition (IB.ll) that Lev(A) satisfies the intertwining property 

Lev(A) (vr^^ev) A(a) = (tt^ <8 ev) A°P(a) Lev(A), Va e • (B.6) 

In the following we will study the implications of (IB.61) where Lev (A) is taken to be of the form 

M 

Lev(A) = ( 7 ^' + q^^) + E,,- (8) £qi . (B.7) 

i=l i^j 

One can argue that the solution of (IB.61) is unique up to multiplication by an element of the 
form 1 (g) p(A) where p(A) belongs to the center of Uq{gl]^). In order for this to be the case it 
is important that (IB.61) holds for the full and not just a Borel half. The fact that we can 

find a solution of the interwining property of the form (IB.7I) thus provides a proof of (IB.ll) . 

Let us proceed with the analysis. Using the form (IB.7I) and taking a = the intertwining 
property implies 

g-^*ev(g^^') = ev(g^^')g-^A g^*ev(g^^) = ev(g^-^)g^A (B.8) 

Sij ev(g^'') = q^ok-^ik ev(g^'') Eij . (B.9) 
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Next, consider the intertwining property for a = fi. The term of these equations imme¬ 
diately implies that 

ev(q'^‘) = , (B.IO) 

for some constant x. Using this identification and (IB.9I) . the terms of the same equations 
give 

Si+i^i = (g - ev(/i). (B.ll) 

Let us turn to the case a = in (IB.6I) . A similar analysis applied to the terms of order and 
A° shows that 

ev(g'') = g"'g“'^U = (g”^ - g) ev(ei) g-^U (B.12) 

for some constant x. The equations (IB.IOI) . (IB.llI) . (IB.12I) give the identification between the 
generators ofl{q{glj^) and The constants x and x correspond to the freedom of overall 

rescaling of Lev and introducing the spectral parameter for ev. To obtain (IB .21) we demand that 
the leading term in the A expansion is 

M 

(tt^ ® ev)g“* = ^ (g) g^', (B.13) 

i=l 

where g* is given in (14.211) , 7r^(g^*) = g^“ and g“^* = ev(g^*“j^'^). Notice that g“^* = 1. 
This requirement implies that g-^* = g^‘ and g^‘ = . The remaining equation contained 

in (IB.6I) prescribe how to express 8ij in terms of these generators. The equivalence between 
different looking expressions for 8ij is equivalent to the Serre relations. 

B.2.1 Image of imaginary root vectors and Gelfand-Tsetlin algebra 

The image of the imaginary root vectors under the evaluation homomorphism can be obtained 
by applying the procedure explained in Section 15.2.11 As this procedure is quite involved we 
will use a shortcut based on the observations presented in Section 18^.2.31 The expression (18.631) 
for the imaginary root currents 1 + E[{z) in terms of quantum minors is independent of a 
rescaling of -^(A) by an arbitrary function of A. For this reason the quantum minors of Lev (A) 
given in (IB.21) can be directly used to obtain ev (1 + E'-{z)). It is not hard to see that the relevant 
quantum minors take the form 

Gp(A^) := q-detLM(Af) = JJ (l + A^, (B.14) 

S=1 

with ~ These quantum minors commute [Gp(A), = 0 and 

generate a maximally commutative subalgebra of known as Gelfand-Tsetlin algebra, 

see e.g. UNaTal . This algebra can be descibed as follows. Let Z {Uq{g{]^)) be the center of 
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and Wg(flip) be the subalgebra generated by {£ij}i<i^j<p- The subalgebra 

of Wg( 0 t^) generated by Z {Uq{gli)), Z (Wg(g[ 2 )),Z (Wg(gljvf)) is evidently commutative. 
This is what is called Gelfand-Tsetlin algebra. From (IB.141) and (18.631) we conclude that 


ev (1 + £:;((-l)'’j)) 
or equivalently 


Ust\ (1 + JYsZl (1 + 

riLl (1 + g2i.p..+7) ("X + q+1 2 ;-l g2^j,,,+7) 


ev 



1 

k q — q~^ 



+1 


(k) 

p-i 


12 ],*«?' 




S=1 


2k u-n 


(B.15) 


(B.16) 


Using this formula for the imaginary root vectors we can obtain the scalar factor in (IB.II) to be 


Pev(A) = exp ^ 


[—X 




M 


^ [M],^ 

where x ■.= q"< and Sq{x) is defined in (15.341) . 


n 




Li + l a;) ’ 


(B.17) 


C Evaluation of the Universal R-matrix 

C.l Cartan-Weyl basis for Uq (s (m) 

C.l.l Choice of convex order for 

Recall that the simple roots of sIm are ai = ei — e^+i with i = 1,..., M — 1 and 

A+(sIm) = {e* - eg, 1 < i < j < M} . (C.l) 

The highest root 6 = ai + • • • + om-i = and the remaining simple root of sIm is 

ao = S — 0. The set A+(s[m) is given in (15.21) . (15.31) . We endow this set with a convex (normal) 
order, see (15.41) for the definition, as follows 

Ai -< A 2 -<••■-< A^f-i -< Z>o ®M -2 ®i, (C.2) 

compare to (15.51) . The ordered sets of real positive roots Aj and Bj are defined as 

Aj := Aj -< Aj + (5 -< Aj + 2 5 , Aj := Cj —ej+i -< Cj —ej _|-2 -<•••-< Ei — em , (C.3) 

Bj := • ■ ■ -< Bj+2 6 -< Bj+5 -< Bj, Bj := 6— (cj — Cj+i) -<•■•-< 6— (cj — Em) , (C.4) 

A similar root ordering appears in relation to the universal R-matrix for the Yangian in UStuI . 
We remark that the ordering above can be obtained in the framework of llltoll . as an ordering of 
”M-raw type“, using the action of the extended affine Weyl group. According to theorem 2.3 in 
HT 0 I 2 I any convex order can be obtained form any other by composition of so called elementary 
inversions. 
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C.1.2 Explicit construction of root vectors for Uq{siM 
Root vectors where 7 G A ^{ sIm )- 

Coi+cii+l 
(^ai+ai+i+ai+2 

and so on. 



(C.5) 

= [eai,ea,+,+a,+2\q-l , 

(C.6) 


Root vectors es--y where 7 G A+(sIm)* There are M — 1 steps in the eonsrtuetion. One has 
the following M — 1 definitions (first step) 


0 

1 

(C.7) 

^S—9+aM-i • ^5— 0 ] g-i ) 

(C.8) 

^S—9+aM-2+aM-i ■ [^OM- 2 ) 6»+om-i] g-i ’ 

(C.9) 

6 ( 5 —e+OM- 3 +«M- 2 +aM-l • [® 0 M -3 ’ e+OM- 2 +«M-l] (j-l ’ 

(C.IO) 


(C.ll) 

^5 — ai • [ 6 ( 3(2 7 6(5 ——ck2](^~i 7 

One has the following M — 2 definitions 

(C.12) 

65+0(1—0 * [601 7 65—0]^—! 7 

(C.13) 

65+0(1—0+Q(M-i • \_^oiM-n ^S+ai—9\ q-i 7 

(C.14) 


(C.15) 

65—02 • [603 7 65—02—03](j—i 7 

One has the following M — 3 definitions 

(C.16) 

65+01+02—0 • [602 7 65+01 — 0](^—1 7 

(C.17) 

65+01+02— 0 +OM-l • [60M-I 7 65+01+02—0] g -1 7 

(C.18) 


(C.19) 

65—03 • [604765—03—Ol]^^—1 7 

One has the following final definition ( step M — 1) 

(C.20) 

65— Om-1 • [®0M-2 7 65—OM-l—CIM-2] (j-l • 

(C.21) 
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C.2 Fermionic Fock space representation 


C.2.1 Fermionic Fock space representation: definition 

TT^ ; lAqisiu) J^M (C.22) 

7r^(ei) = n~^CiCi+i vr^(/i) = /UCi+iQ vr^(A;i) = (C.23) 

I'm ■ {ci,Cj} = 6ij {cj, Cj} = 0 {ci,Cj} = 0 n* := CjC* (C.24) 

where the indiees i,j, k,... are subjeet to eyelie identifieation: i + M ^ i. This representation 
is not irredueible as Utot is eentral. The fundamental representation eorresponds to Utot = 1. In 
this ease 

1 Ej j , (C.25) 

and 

Ey E/j/ 6jk Ej;. (C.26) 


C.2.2 Fermionic Fock space representation: evaluation of root vectors 

Using the explieit definitions in Seetion [5.2.1l and Appendix 1C . 1. 21 one obtains 


1 . 


2 . 


7rjr{e,._,.) = /r* ^ , (C.27) 

7rj-(e5_(,,_,.)) = . (C.28) 

= Ki [Ui+i - ni]q , (C.29) 

TT^icai+ks) = (Ki)^ TrAeai), (C.30) 

'^T{^(5-ai)+k5) = '^A^iS-ai)) , (C.31) 

^^(4?) = Aif~^ T^Ae-f) ■ (C.32) 

Ki ■= (C.33) 


3. In the ease of interest we do not need these generators. 

4. It follows that 




1 — KiZ ^ "d 

1 — KjZ~^ 


whieh upon Taylor expansion gives 


T^Ae-tl) = ^ Aif 4 ^"’+' -ni)]g. 


(C.34) 


(C.35) 
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Remark. From the formulas above one can easly obtain root vectors for the fundamental rep¬ 
resentation (and further include step 3): 



Qti) , 

(C.36) 


(^(5—(e^—ej))H-/c5) ti ( Qti) i 

(C.37) 


Kiih = ti ^ W<7 (Em g“Ei+i,i+i), 

(C.38) 

where i < j and U = fj, ^ {—qT 


C.2.3 Fermionic Cartan-Weyl basis: second Borel half 


1. 

= jj,^ "cjCiq (n=i+i«fc), 

(C.39) 


TirU's-iu-ej)) = . 

(C.40) 

2. 

[Ui+i - ni]q , 

(C.41) 


T^rifai+ks) = T^rifai) , 

(C.42) 


tU {5-ai)+k5) = («i)^ T^rifiS-ai)) , 

(C.43) 


^Afkf) = ^Afs"^) • 

(C.44) 


;= (_g-l)* g-(E^i+2«fc) + (Efc=\'V:) 

(C.45) 

3. 

In the case of interest we do not need these generators. 


4. 

Finally, notice that we just need to replace q with q~^ and x with x~^ so that 



1 _ K - ^2(ni-ni+i) 

(C.46) 


which upon Taylor expansion gives 



^Afts) = 1 («*)^ [/c(ni+i - ni)]g . 

(C.47) 
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C.3 Minimal representations of W (0 (^) 

Let us define the following representation of Wq(n+) 

{t z, + , (C.48) 

where 

W, Z, = Z, W,, W, W, = W, W,, Z, Z, = Z, Z,, (C.49) 

with n, Zi = n* Wj = 1 and Si and t are complex numbers. The goal of this appendix is to 
compute the image of the Cartan-Weyl generators under vr. We will see that image of infinitely 
many real roots is non zero. Using the explicit iterative contruction presented in Section [5.2. II 
and Appendix 1C. 1.21 one obtains 


1 . 




) =_ : 


q-- - q 

i—1 


■ J-1 

n 

^k=i-\-l 


WiW-‘ {tz, + t-'z-'), 


(C.50) 
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q-^ -q 
where 1 < i < j < M. 




.k=l 


M 

n 

_k=j+l 


WjW-‘ (iZ, + «-‘z-‘), 

(C.51) 


2. Once we have constructed 7r(e5_Q,J, we may notice that for each node i we have an evalu¬ 
ation type representation of Uq{s\ 2 ). To make this observation explicit we write 

(M.k. + ( 9 "'*+ 9-""')) . (C.52) 

where 


k — 7 


-y.27 7 


Pi ■=qstot 


i—1 


n* ‘z. 


.k=i 


M 


n 


,k=i+2 


. (C.53) 


It is easy to verify that pi and commute with vr(eQ,J, 7r(es-ai) for fixed i. With this 
observation in mind we evaluate the remaining root vectors associated to the node i to be 


T^ieai+ks) = {q Vi 7r(e„J , 7i{e(^s-ai)+ks) = {q^^PiK)^ 7i{es-ai), (C.54) 

^(4?) = {[k + !]<? k? + [k]q + g"^^0 k* + [fc - 1]^) , (C.55) 


{I + z ^g+^** Pi) (1-f z ^g 

(1 - z-i g+i kiPi) (1 - z+^ g+i kiPi) ' 


(C.56) 
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Comparison with the general form of the currents (IB.15I) . The imaginary root currents 
(IC.56I) can be rewritten as 


n{l + E[{z)) = 


{1 + z ^Xi i)(l + z ^Xj|i) 


(1 - z-ig+iX,) (1 - z-^q-^Xi) ’ 

The comparison with (IB.15I) follows from the formula 

p 


(C.57) 


ir' n = 9 ,(i) (l-l-iri-’f,) 


TT = TT O ev , 


vs=l 


where 


p-i 


9 p{t) = n 


(C.58) 


(C.59) 


S=1 


Notice that the contribution from gp{X) cancel out (for p > 1) in the combination (IB.15I) leaving 
a rational function with two zeroes and two poles in . We conclude that for these represen¬ 
tations of Wg( 0 [^), the image of the Gelfand-Tsetlin algebra coincides with the image of the 
Cartan subalgebra. 


D Triangular decomposition of (tt^ <S) A for M = 2 


It can be useful to present the main formulae of Section (18.1.21) in a more explicit form for the 
case of M = 2. The relation (18.221) in this case reads 


TtJ (g) 71^ 


-J A(/i) = A(y)- 



/ Xo 

0 

0 

o\ 

/ 1 _2 \ 

1 \ 

0 

Ai 

0 

0 

1 

1 

0 

q-^ Tqfi 

g+i Ai 

0 


A(y) (D.l) 


(7rJ'(g)7r+J A(/o) = A(y)- 



/ Aq 

0 

0 

o\ 

1 ( q^ y^^ \ 

0 

g+^Ai 

q-^ TqH 

0 

1 

1 

0 

0 

q~^Xi 

0 


A(y) (D. 2 ) 


where yi = y 2 ^ = y and Tq = q — q If/r = gAi one finds a block triangular structure^ 
given by 


P+ A(y) 




A(y)-ip_ = 0 


(D.3) 


The terminology refers to the following fact: For an operator O, we say that it has a block triangular structure 
if P+O P_ = 0 and P_(P P+ ^ 0 for orthogonal projectors P±. 
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P±A(y) 




A(y)-'P± = 


q2 y+^o'i 


q-q 


-1 


where ui = —1, uo = +1 and 

/I 0 0 0\ 

p 0 1/2 1/2 0 

■ 0 1/2 1/2 0 
Vo 0 0 0 / 


= 5 


1 0 
0 0 


1 0 ' 
0 1 


5 


(Aq 

0 

0 

o\ 


0 

0 

g^^Ai 

0 

0 

Ai 

0 

0 

P± 

Vo 

0 

0 

X 2 J 






(D.4) 

-1 

p_ 

:= 1 - 

P+ 

(D.5) 


Where 0 refers to the Kroneeker produet and the matrix S is easily worked out. These relations 
reduee to (18.101) with Hi = A(y)~^P+A(y) and 112 = A(y)~^P_A(y). Using the similarity 
transform S we rewrite (ID.41) as 


5^'P+A(y) 




A(/.) 


A(y)-^P+5 


/gly+2-A fl 0\ 

\q-q-^) [o o) 


5~ip_A(y) 




m) 


A(y)-^P_5 


/ qh y+2^* Wo 0^ 
\q-q-^) [o l) 


Ao 0 \ 

V 0 q+^ Ai J 

(D.6) 

WAi o\ 

V 0 X^J 

(D.7) 


The statement expressed by (18.121) is actually stronger then (ID.31) and (ID.61) . (ID.71) as it states 
that the 2x2 matrix in the right hand side of (ID.61) and (ID.71) as to be the same, up to a similarity 
transform. This implies, up to exchange of Aq with A 2 , that Aq = (?“^Ai and A 2 = q^^Xi. 


A similar analysis can be done in the case of /r 



1- 


E Form of (1 (8) tt and (1 (8 tt and action of the 
coproduct on the first tensor factor 

E.l Image of the universal R-matrix under 1 8 tt” and 1 8 

For the following analysis it is convenient to rewrite 

/ IziM \-l 

A-1 (g M Aj 

= — -ViU"^ = --- yi+iy~\ T^xih) = u*"^Ui+i. (E.l) 

7“ — q q~^ — q 

The exchange relations of these variables are given in (18.151) . 
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1 (g) TT on combinations of root vectors entering the universal R-matrix. Let 7 G 

the relations (18.181) . (18.211) . together with (I6.52al) . imply 


A-^(y) [(1® 


My) = 


(^q-h (fi+fi+l-l) (g) 1^ 
fq-T,rJii^k-i)q-^ (fi+EM-i) (g) 1 


0 


7 = Ej-ej+i 
7 = S-{ei-eM) 

Otherwise 


(E.2) 

where fg := q~^ — q and i>~^ = q^^ . The contribution of the imaginary root to the 

universal R-matrix is left unchanged by the action of A(y). We conclude that the image of the 
reduced universal R-matrix can be written as 


[(1 O vr^ ) ^ = A(y) {v) O l) A ^(y) . (E.3) 

The explicit expression for (18.701) follows from the from (IE.21) and the product formula (I5.12L 
upon recalling that S‘q{Tq x) = [exp^z (x)] 


Intertwining relation for ^ . The property (14.181) of the universal R-matrix implies 


X 7 iv) — M M q 

[z/), a] = u qM - 


- q 




ei. (E.4) 


The form of (1 (g) TT ) ^ Introduce y* via 




X - g ^ A _ 

TT [ei) = ei = —--yi+i y^ 

- q 


(E.5) 


The variables y* satisfy the same exchange relations as y* with q replaced by g We can rewrite 
(16.111) and (16.121) as 


TT = 


qM A 
g-i - g 


■ Yj Yi 


.-,-1 


TT 




qM Xj 
g-i - g 


Yi Yi ^, 


(E.6) 


In analogy with (IE.2I) we obtain 


A ^(y)[(l(8)7r ){f^ ^ e^)] A{y) = — < 


A® ^ ^q^k^i+i q 2 (g) g = €i — €j 

+ (ei+e,-l) ^ = S-{ei-€j) 


otherwise 


(E.7) 

where fq = q~^ — q and A = A q^. The asymmetry between tt” and 7f“ is a consequence of the 
fact that we choose the same root ordering. 
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In analogy with (IE.4I) 

[(l (g) 7f“) = A(y) 

satisfy the interwining relation 


l)A-'(y), 


, Cj] = a 

where a = — 


q ^ - q 


p. — p . 


(E.8) 


(E.9) 


E.2 Some steps for the evaluation of (tt^ 0 tt ) and ( 


TT-^ 0 TT ) 


Computation of (vr-^ (g) tt ) ^ . Applying TTjr to (IE.2I) and using (IC.39I) . (IC.40I) one obtains 


A(y) Ci+i Cij A Hy) 7 = e* - e^+i 


® ) (A ® e^) = A(y) Q Cm) A-i(y), 7 = 5 - (e^ - eM) (E-IO) 

I otherwise 


where 7 G A'^(5 [a^) and and g- is defined in (18.501) . Next, one obtains 


(ttJ, ® {I- Um) , 


q2{M-n ). 


(E.ll) 


This calculation is the same as in (18.501) before regularization. The last non-trivial identity used 
in the derivation of (18.531) is 


27Tip 


M-l \ M 

(l-g-CsCi)... (l-5(_CMCM-i)^(l-5'AnM)( glciCM j=JJ (l-g-e~'^N{p)) . 

i=l / p=l 


V 

from ^^5 


V 

from ^-^5 


(E.12) 

In particular notice that the cyclicity property, i.e. the fact that it commutes with the internal 
shift operator, of this object is obscure in the left hand side and totally manifest in the right 
hand side. 


Computation of . Applying ttj- to (IE.7I) and using (1C.391) . (1C.401) one obtains 


® ) (A ® = 


A(y) {j=T^qCjC^ A i(y) 


7 = e* - e,- 


q-^—q ~J "W "" v-'/ ' ^3 

f -M-j+l \ 

A(y) CiCjJ A-^(y), 7 = 5-(ei-ej) (E.13) 

0 otherwise 
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where g- is given in (I8.51I) .. The contribution of the imaginary roots is 


(1 - 9^ ) 

compare to (18.511) The last identity we use to prove (18.541) is 




(E.14) 


M 


M 


(1 + BiCi)... (1 + Bm-iCm-i)( 1~5'^ ^i) j 1 + ^ ^ 9 

i=2 


-M-j+l 


CiC, = 


V 

from ^^5 


p=l 


n(l-c/-e ArN(p)j 


V 

from ^-^5 


(E.15) 

where B* = Yl,f=i+i 9^-^^^j hj = 1 — n* = c c. As (1 — Q;hj)(l — a Uj) = 1 — a this is the 
inverse matrix of (IE.121) . 


E.2.1 Check of the Jimho equation 

Eet us verify that (IE. 121) satisfies the relations (IE.4I) via an explicit calculation. We can rewrite 
(IE.41) as 

[ttj-(^~) , Ci Ci+i] = -g_ (ui+i TTj-(^■) -Trjr(^~) Ui) , (E.16) 

where we have used = 1 — rij q~^{q — q~^) to simplify the right hand side and introduced 
g- as in (18.501) . It is easy to check that the relation (IE. 161) is satisfied if 

Ci = {ci-g_Ci+i) , (E.17) 

Cj+I TTjr [JK~) = Tljr {^~) (Ci+i - g_Ci) . (E.18) 

These equations are easy to solve upon Eourier transformation in the index i and give the solu¬ 
tion (IE.121) . TTj- satisfies the same equations as ttj- with g_ replaced by g_. 


E.3 Derivation of (8.67) 


E.3.1 From (A ® id) {M) = 2 ^ 132^23 to ) 

Applying (1 ® 1 0 tt”) to (I4.9bl) and using (IE.3I) . one obtains 
A 

where 

^^2 '■= ^^'=1 , 

This claim can be easily derived using (1 ® 

A / A / AA -1 A / A 


2^12 2^2 ^ 12 ^ 7 J) > 

(E.19) 

700 = 

(E.20) 

A(u) and 


i’^^A 2 (y), 

(E.21) 
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A 2 (y)-‘A 2 (u)A(A(y)-'A(u))-‘ = «-*<»lAi(u)-'A,(y)^fj', (E.22) 

A 2 (y)Ai(y)-‘Ai(u)A 2 (y)A,(u)-'A,(y) = (E.23) 

These relations are derived using (18.151) . 

E.3.2 Preliminaries 

Commutation relations involving defined in (18.711) . The following relations hold 

Xr X,"- = j = 1,..., M - 1. (E.24) 

r 25,,,+ix^Xf i>j 

X^X^={ ^ * , for 1 < i J < M - 1. (E.25) 

[x/xr 

The ease i = j eorresponds to the iterative definition X^^^ = [X^^, X^^], where Tq = q — q~^ 

(eompare to (18.711) 1. 

Proof: One may verify the relations above by direet ealeulations and induetive arguments. In the 
following we will show how these relations arise as a eonsequenee of (15.101) and the definitions 
(18.711) . (18.721) . This is a simple corollary of (15.101) : 

Eet a, /9 e A+( 0 ) with a -< (3 he such that the decomposition a + (3 = Yl,k ^klk with 
rifc e Z>o and 7 ^ G A+( 0 ) is unique. Then 

fafp = (E.26) 

As an illustrative example let us show how this corollary implies (IE.241) . The identity (IE.25I) is 
shown similarly. It is easy to see that a = 5 — (e* — cm) and /? = 5 — (e^ — cm) for i > j satisfy 
the conditions for (IE.261) to hold. We conclude that 

fs-{ei-eM) fs-{ej-€M) ~ 7 fs-{ej-eM) fs-{ti-eM) ) * > 7 • (E.27) 

The relation (IE.241) easily follows from this identity together with the definitions (18.711) . (18.721) 
and the relation q^f^ = f^q^. □ 

Coproducts of Xf, X^ defined in (18.711) . A simple calculation using the definition of the 
coproduct shows that 

A(X,:<) = Xr(l) + X,:^(2), (E.28) 

where 

X,:<(1) := X,:' O , X,:'(2) := 0 X,:', a, = . (E.29) 
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The coproduct of Xf defined in (18.711) is more complicated. Set 

5, := A(xr)-xr(i)-xr(2). 


(E.30) 


where 


X^l) := Xf (8 bi, X^{2) := b, ^ , b* = q-^C^M+u) _ (^.31) 

Notice that bj commutes with fs-(ei-eM)- The explicit expression of 6i is given below. 


Remark 


(X,-* ® 1) .^12 

= x.-=(i) 

700^12 (1 O X,:') 

■^ 12 '9^ = X,-'(2). 

(E.32) 

(xr ® 1) -^12 

= xr(i) 

700^12 (1 o xn 

■^ 12 ' 9 ;;' = Xr(2). 

(E.33) 


More commutation relations. It is a simple exercise to show that the combinations defined 
in (IE.29I) . (IE.31I) satisfy the following relations 


X,^(l)X/(2) = 

(E.34) 

X,:'(l)X^'-(2) = g^(^^’^-i-'^^'^-0x^^(2)X,:^(l) 

(E.35) 

Xr(l)X;(2) = g2^-X;(2)Xr(l) 

(E.36) 

Xr(l)X^^(2) = q-^^^>-^X){2)Xf{l) 

(E.37) 


The exhange relations involving X*(a), X*'(a) with a fixed are the same as (IE.241) and (IE.251) . 

Explicit form of 5^. It follows from the definition (IE.301) that 

£-1 

* = 9 E [... [X^(2), X^+i(2)l..., X?_,(2)] xr(l), (E.38) 

/c=l 

where Tq = q — q~^. 

Proof. Upon applying the coproduct to the inductive definition X^^^ = Tq [X^^, X^^] and using 
(IE.361) . (IE.351) one easily obtains 

= qXf(2)Xni) + Tf^%^t{^)+^tm- (E.39) 

Eurther observe that 

[5i,X^(l)] = 0, fc = i,i + l,...,M-2. (E.40) 
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This can be easily shown by induction using (IE.39I) and the exchange properties given in the 
previous paragraph. Equation (IE.39I) thus reduces to 


<5,+! = gXr(2)Xr(l) + r-M5.,Xr(2)], (E.41) 

from which the explicit form of St given above follows. 

□ 

We notice that while Si was originally defined for i = 1,..., M — 1, we extend the definition to 
i = M using the explicit formula (IE.381) . 


Some commutation relations involving 6i. We collect the following relations 

S, xr(l) = xr(l) Si , Si XU2) = X^ (2) , k>i. (E.42) 

^.X^(2) = XJ(2)ii, + -1. (E.43) 

|i.,X.:<(2)|Xr(l) = Xr(l)|<5.,X-'(2)] (E.44) 

|i.,X-'(2)] (xr(2)xr(l)) = 9 ^ (xr(2)xr(l)) |<5.,X-'(2)] (E.45) 

The last identity follows from the Serre relations (14.41) (). Einally 


V ;= 5^, U ;= X^(2), satisfy the (twisted) Serre relations (18.741) . (18.751) . (E.46) 

The relation (I8.75L which is linear in 5^, can be shown easily using the exchange relations 
collected above and the fact that X^_^(2), X^(2) satisfy the (twisted) Serre relations (18.751) . 
Showing (18.741) requires a bit of work. It is not hard to see, using the explicit expression for 5(, 
given in (IE.381) . that the equality 

q~^{WmWn + WnWra) fl + q^^fi{WmWn + WnWra) = {Q + q~^) [Wm ftWn + Wn ftWm) , 

(E.47) 

where n m < i and = [• • • [/„, fn+i ], • • •, fi-i] implies (18.751) . The relations (IE.47I) can be 
shown as follows. Eet m> n and notice that = [x, Wm] where [x, fi] = 0, (IE.47I) is satisfied 
if the same equation holds for Wn Wm- The relation (IE.47I) for m = n is a consequence of 
this elementary fact: If (/i,..., /j+i..., /m) satisfy the Serre relations of then for 

any i e Z/MZ and choice of sign a, the elements (/i, ■ ■ ■, fi /j+i — q"^ fi+i fi - ■ ■, fi^) satisfy 
the Serre relations of 


Si and the opposite root ordering. Eet be root vectors constructed using the opposite 
root ordering, explicitly 


f°P _ f, fOP _ -i fOp r 
J Ei — e-i JijEiJ^l—E-i y J Ei4.-[—E.i J 1 


i+l- 


j = i + 2,..., M , 


(E.48) 
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with fei-ei+i = /i- It is easy to inductively show that 

[... [/.^ ..., , 1<1<J <M. (E.49) 

In the special case of j = M it may be rewritten as 

(E.50) 

E.3.3 From A{^~) to A{^As) 

On coproduct of The following identity holds 

A{^~) = {qoo^l2^^,2^U ) (E.51) 

Proof. Recall the form of from (18.701) . It follows from (17.371) and the exchange relation 
(IE.341) that 

t\{<g,{n)) = <«’,(A(xr)) = .r,(xr(i)),f,(xr(2)). (e.52) 

The identity (IE.511) follows from this relation together with (IE.321) and the exchange relations 
(IE341) . 


On coproduct of . Eet us define as follows 

A{.J(f) = {qoo<^i2-^f,2^u q^) • 

More explicitely, using the form of given in (18.701) and (IE.331) 


« = K(x&_,( 2 ))....«i(xr( 2 ))] 


1 1 
.^,(A(Xn)'"4(A(Xi_i)), ■ 


In order to simplify this expression we will use the following lemma. 


(E.53) 


(E.54) 


Lemma. This identity holds 

A (4(xr)) = 4 (A(xr)) = 4(xr(i)) (e.55) 

where A(Xj^) = X^^(1) + X^^(2) + 6i, compare to (IE.301) . 

Proof'. (IE.551) is derived using two simple observations 

(i) 

^,(U + V + W) = <r,(U) 4(W) ^,(V), (E.56) 

if 

UV = g-2VU, UW = g-2WU, VW = g+2WV. (E.57) 
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(ii) The exchange relations (IE.57I) are satisfied by 


u = xr(i), V = xr( 2 ), 


\N = 6,. 


(E.58) 


Point f/j is derived using (17.371) twice. Point (ii) uses the exchange relations (IE.361) and (IE.421) . 

□ 


By applying this lemma to (IE.541) and rearranging terms using the exchange relations (IE.371) 
and (IE.42I) we obtain 

1 1 


- - - 1 ( —---- 

<f,(xr(i))y' V4(^2)4(xr(i))y v4(^m-i)<^,(x^_i(i)) 


(E.59) 


The second tensor factors of 5i and Xj^(l) are written in terms of {fk}ke{i,...,i-i} and Cartan 
generators only. This fact, combined with the observation (18.761) and the explicit form (IE.59I) . 
makes it manifest that 

(1 ® ^ ^r^s) • (E.60) 

Using this relation and the explicit form of we rewrite (IE. 191) as 

A (^" 5 ) = (^“ 5 ®!) , (E. 6 I) 

where 

'= ,(2)) ■ ■ ■ (>*>(xr(2)) ■ ■ ■ 4(X^,_i(2))) . 

(E.62) 

To derive this expression we also used the fact that £/ and (^Zs ® 1) commute. 


Completing the derivation. In the following we will show that 

(E.63) 

where 

(e.64) 

= (^,(X,-<(2 ))...4 (X^_i(2))) 




(Zq{6M-l) ^g(XM-l(l))/. 


(E.65) 


and 6i are given in (IE.381) . 

Proof. Eor ^ = 1 the identity trivially follows from the explicit form of ZS given in (IE.62L 
(IE.591) and the fact that Sq(5i = 0) = 1. Eor i = M one has ZZm = = 1 and the identity 

(IE.631) implies (18.671) . We will prove (IE.631) by induction on Eirst notice that 

1 


= ^,+1 Sq{qX-<{2)Xf(l)) <Zq{Xf(l)) 




(E. 66 ) 
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1 


1 


(E.67) 


= 4(X;(2)) 




^+1 


4(5,) 4(xr(i)) 

The first identity easily follows from the exehange relations (IE.36I) and the pentagon relation 
(17.401) . The seeond identity follows from the exehange relations (IE.43I) and (IE.361) . The erueial 
observation is that as a eonsequenee of (IE.461) one ean use (18.731) to rewrite 


4(5,) 4(X,'^(2)) 


4(X/(2)) ^ ^ - 4(5,) 

Einally (IE.44I) and (IE.45I) with (17.371) imply the result. 


= 4(r-^[5,,X,-<(2)]). 


(E. 68 ) 


□ 


E.4 For mixed pentagon 

The goal of this appendix it to show that (IE.52L (IE.551) and (IE.681) are satisfied when we apply 

TT-^ 0 . 

E.4.1 Preliminaries 

The first step is to provide explieit expressions for the arguments of the speeial funetions enter¬ 
ing, (IE.521) . (IE.55I) and (IE.681) when we apply ® 7 r+. 

Action of 1 (g) 7 r+ on X^(l) and X^(2). Consider X^(l) and X^(2) defined in (IE.291) and 
(18.711) . They satisfy the following relations 

A(y) [(l 0 7 r+) X^'^(l)] A"^(y) = Tq /, 0 , (E.69) 

A(y) [(1 0 7 r+) X/(2)] A-^(y) = 0 m/ , (E.70) 

where 

m/ ;= Az/'^7r+(a,)y^+iy7\ (E.71) 

and /, = compare to the definition below (18.161) . These relation follows from (I8.18L 

(18.211) and A(y) [(l 0 7 r)|'(g'^*))] A“^(y) = 0 7 r^(g^*). 

Applying < to the first tensor factor. Prom the identities above it follows that 

A(y) [(7r;f 0 7r+)X^-^(l)] A-^(y) = /i A"^ c,+ic, 0 
A(y) [(7rj0 7r+)X^'^(2)] A"^(y) = 0 m 
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(E.72) 

(E.73) 














































Rewriting of 5(, defined in (IE.38I) . One can rewrite 5^ defined in (IE.38l) .as 




^ ^ 0 g( [... ... ^ /^_^] , (E.74) 


k=l 


where hg are defined in (IE.31I) . 

Derivation: It follows form the definitions (IE.29I) and (18.711) thajii] 


|.. ■ |X?(2), X?+,(2)].... X?_i(2)| = b, b^T■ 0 [... [/,, ..., /,_J , 

(E.76) 

where x = q~^Tq h>~^. If follows from the definitions (IE.31I) . (18.711) and the observation (18.721) 
that 

Xfc (1) = q~^ Tq bfc fs-(e,-eM) ® (E.77) 


Action of 1 ® 7r+ on 6i, (1) and (2). 


A(y) [(I0 7r+) 6i] A ^(y) 


A(y) [(l(8)7r+)X^^(l)] A ^(y) 
A(y) [(l(8)7r+)X^^(2)] A-^(y) 




Y1 fs-i^k-eM) 

1 0 , 

\k=l / 

(E.78) 

Tq g-5 bj^ fs-ie^-eM) ® , 

(E.79) 

b-2 ^ee-eM 0 ^ 

(E.80) 


where 

:= A^z/-^7r+(bf)y^y^^ (E.81) 

Derivation: The relation (IE.78I) is obtained from (IE.74I) by applying the following 

= q~^Tq^ 7r|(b^bfc^)y^yfc\ (E.82) 

(bfc y£ yfc ^ 7r+ (b;.) = q-^ y^ y’^, (E.83) 

A(y) (fs-ie.-eM) ® 1) A"^(y) = q~^q^ /5-(.,-.m) ® YfeYM • (E-84) 

A(y) (1 (g) y^y-^) A-^(y) = bf bf 0 y^y^^. (E.85) 

A(y) (l 0 7r|(b^)) A"^(y) = b^^ 0 7r|(b^). (E.86) 

'' To derive this identity one may notice that 

e-i 

'f'* g-5 = J^a*. (E.75) 

s—k 
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The relation (IE.79I) follows from (IE.77I) with (IE.84I) and (IE.86I) . The relation (IE.801) follows 
from 




qM\^ 


(E.87) 


with (IE.85I) and (IE.86I) . 


Applying to the first tensor factor. We ean apply vr^ to the first tensor factor of (IE.78L 
(IE.79I) . (IE.80I) and use the expressions collected in Appendix IC.2.3l to obtain 


A(y) [(7rJ®7r+) 5e\ A ^(y) 

A(y) [(ttJ ® vr+) (1)] A-^(y) 
A(y) [(vrj ® vr+) (2)] A-^(y) 



-Tq q C(,Cm® 


(E.88) 

(E.89) 

(E.90) 


where tg = q and := —^A. To derive these relations recall that 


Action of 1 0 7r+ on r ^[5^, X^(2)]. The following holds 


' e-i 


A(y) [(1 0 7r+) r/[(5^,X;'(2)]] A \y) = Tg ^ ^ ^ ^e+i^k fs-ie,-eM) 




,k=l 


'£+1 ■ 

(E.91) 


Derivation: The starting point is (IE.41I) with (IE.70I) . (IE.79I) and (IE.78I) . It follows from the 
definitions (IE.71I) and (IE.81I) that m^_^^ = g m^. 


Applying vr^ to the first tensor factor. 

/i-i 

A(y) [(7rj0 7r+) r-^[^£,X/(2)]] A-^(y) = -g-V^f^+i ^ 

\fc=i 

E.4.2 Verifications of 0 7 r+ on (IE.52I) . (IE.55I) and (IE.68I) 

Verification of 0 7r+ on (IE.52I) . In order to verify (IE.52I) using the prescription (17.441) . let 
us first observe that the image of the sum A(X^) = X^(l) + X^(2) can be rewritten as 

A(y) 0 7r+) A(X,-<)] A-i(y) = (5 0 1) 0 l) ug {S 0 1)"' , (E.93) 

where ug := g“^® 0 m^. To obtain this expression we used the relations (IE.72I) and (IE.73I) . 
and the identity 

5 g2"^+i5~^ = +XTg Cg+iCg , S = l-q~^x Cg+gCg, (E.94) 




Cm 0 . (E.92) 
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where x = . Form these relations and reealling that S’q{Tq x) = 1 + x when x^ = 0, it 

follows that the identity (IE.52I) reduces to 

(iS (g) 1) £’{,2 0 l) oji) {S 0 1)“^ = (1 + xoji (q+iQ 0 1)) Sb‘2 0 l) Ui) . 

(E.95) 

The only non trivial term in this identity is the one linear in x, which can be rewritten as 

0 l) uje) (q+iQ 0 1) = (l + Ui) (q+iQ 0 1) Sb2 0 l) Ui) . (E.96) 

Recalling that and we obtain 

Sb2 {q‘^uje) = (l + q^^uje) {ooe) ■ (E.97) 

This is the basic property of Sb^ (x) defined in (15.371) . 


Verification of vr-^ 0 7 r+ on (IE.551) . The image of the three operators entering (IE.551) is given 
in (IE. 88 L (IE.89I) and (IE.901) . Their sum is A(Xj^) = (1) + X^^(2) + 5i, compare to (IE.301) . 

Its image can be rewritten as 

A(y) [{n^ 0 vr|) A(X^)] A"^(y) = (*S 0 1 ) (ti 0 m^) (5"^ 0 l) . (E.98) 


This equality follows form 

S ti S~^ = ti{l- q~^Tq Ci Cm) , 


5 


1 + 



Cm , 


(E.99) 


where := Ylk=i 9n ^ Eollowing the prescription given in (17.441) and the relations above, 
the identity (IE.551) reduces to 


(iS 0 1) £^b2 0 m^) (iS 0 1) ^ = [l - q ^ cm ® m^) £^(,2 0 m^) . (E.lOO) 


Notice that to simplify the right hand side we used the following: for x^ = 0 we have S‘q{Tq x) = 
1 + X. The term proportional to in (IE. 1001) is given by 


Sb2 {ti 0 m^ ) (cfcCM ® 1) = (1 + 7 0 m^) (cfcCM 0 1) <£(,2 {ti 0 m^) . (E.lOl) 


To derive this relation we also used that with s = £ + l,...,M — 1 commute with ti. The 
final observation is that tiC^CM = q^ti^k^kCM and Ck^Mti = where ti^k commutes 

with CfcCM, so that (lE.lOll) reduces to 


£^62 ti^k ® ) (cfcCM 0 1) = (l + q'^hi^k ® ) (cfcCM 0 1) Sb2 {ti^k 0 m^) . (E.102) 

This relation follows the basic property of Sb 2 {x), see (15.371) . 
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Verification of (g) on (IE.68I) . Inserting (IE.88I) . (IE.73I) and (IE.92I) in (IE.68I) and using the 
prescription (17.441) . we obtain, after simple manipulations 

[zn) - £’b2 {zi) (1 (g) m^) = £^^2 {zn) qzi (1 (g) m^) , (E. 103) 

where ze := ^ ni^. To derive this equation we also used m^^ = q m^ m^. Upon 

observing that (1 (g) m^)z£ = q^Z£(l (gi m^) the relations (IE. 1031) reduces to the basic property 
of £b‘ 2 {x), see (15.371) . 


E.4.3 Auxiliary for check of A {^s ) • 


The following relation holds 

A(y) ® 7r+ A-^(y) = ® ij . (E.104) 

Derivation: The relations (IE.501) and (IE.82I) imply that vr^ 

The relation (IE. 1041) follows upon implementing the action of A(y) as given in (IE.841) and 

(E85]). □ 


Applying to the first tensor factor, (IE. 1041) reduces to 

(\ \M 


q-q 


-1 


n-M _ 

I ^ tin) qCiCM® 1 


(E.105) 


E.5 The R-matrix in the fundamental representation from the universal 
R-matrix 


Using (IC.36L a simple calculation shows that 


(tt^ (g) TrJ) 



M 

1 + a 

j=i+l 





^-1 


1+1 


a = 


(x/y) 


M 


(E.106) 


Recall that is given in (15.131) wirh = 1 and the ordered set Aj is defined in (1C.31) . 
The simple result in (IE. 1061) follows from the fact that, for the fundamental representation, the 
root vectors associated to the set Aj are nilpotent and commute among themselves. Moreover, 
the simple dependence on k in (1C.361) is responsible for turning infinite products over k into 
geometric series giving rise to the denominator of a. Multiplying the factors (IE. 1061) according 
to the order (1C.21) one finds 




E^j fg^ Ej2 . 


(E.107) 
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Similarly 


(tt^ 0 ^+5 = 1 + a ^ 


i<j 


X 


(i-j)-M 


^ij 0 Eji . 


(E.108) 


The evaluation of defined in (15.151) gives 


M 


{ill ^ ttJ 


ylVl _ ^IVl q 


) p(^) ^2 yM _ „M „+2 5i<j 

*J=1 ^ ^ 


0 Ejj, 


(E.109) 


where 


■ (;^;g-2^)oo(g-2^;2;g-2^)oo 


eqM{-q+’^z)eqM{-q ^z) 
eqM{-q^-‘^z) e„M{-q^-^z) ’ 


(E.llO) 


where 2 ; = (y/x)^, {z;q)oo ■= nfc>o ^qi^) defined in (15.341) . To obtain 

(IE. 1091) one uses (15.181) . (1C.381) and their Cartan-conjugated analogues. Einally the evaluation 
of (14.211) gives 


M 




(TTx TTy) q - = q^ ^ q Eij (g) Eji. 
i,j=^ 

Assembling the pieees together one obtains 

(tt^ 0 vrj) = q^ p{z) R(a;, y), 

where 

?/) ^ ^ Ejj (g) Ejj T U ^ ^ Ejj (g) Ejj T ^ ^ f^(i—j)modM ^ij 0 y 


(Kill) 




1/ = 


yM _ 


Ke = 




g 1 _ g + 1 




(E.112) 


(E.113) 


(E.114) 


q — 1 ^ ^ ^ 

One ean verify that (IE. 1 121) satisfies the intertwining relations (14.91) . Einally one observes that 


Ri 2 {x,y) R 2 i{y,x) = I. 


(E.115) 


and (erossing symmetry) 

(((R~'(^>2/))^') ) = v{z)Ri 2 {q-^x,y), y{z) = ^g^ 2 M) ^ • 

(E.116) 

where Ti means transposition in the first tensor factor. Notice that according to the properties 
of the projection of the universal R-matrix on evaluation representations, see e.g. chapter 9 
of HEEKH one has p{z) = nfc>o M = 2, 3 the calculation presented in this 

appendix can be found in jBrZGH and IIBoGKNRL 
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F Supplementary material for Section 6 


F.l On the cyclicity of r++ 

Let 

S := h{z\N2)h{z\N‘i) . . .h{z\NM)h{z^~^ \Ni_[M-l)) ••• h{z^ \Ni_2)h{z\Ni) , (F.l) 

and recall w* Wj+i = Wj+i Wj. In order to show that S is cyclic we apply the following 
procedure 

1. Apply pentagon (2 —)■ 3) to the last two terms on the left of S, i.e. 

h{z\N2)h{z\N^) = h{z\N^)h{z^ \N2_z)h{z\N2) 1 (F.2) 

2. Move h{zvi 2 ) all the way to the right before meeting the last two terms in the product 
formula for S. This is done without problems since WfcW 2 = W 2 Wfc for A < k < M and 
wi_/ W 2 = W 2 wi_/ for 3 < I < M — 1. 

3. Use pentagon again (3 —)■ 2) on the three terms on the right, i.e. 

h{z\N2) h{z‘^ \ni_2) h{zv\ii) = h{zwi)h{z\N2), (F.3) 

4. Rewrite 

S = h{z\Ns)Eh{z\N2 ), 

and apply the three steps above to S to obtain 

S = W 3 ) /i(^ W 4 ) SW 2 _ 3 ) /l(^ W 2 ) , 

and so on. In the last steps one uses 

h{z^~^ \N 2 _m) h{z\Nl) = h{z\Ni) h{z^~^ \N 2 _m) 

F.2 r++ satisfies the YBE 

In this appendix we prove that p^(w), related to r++ via (I6.81L satisfies the relation (16.841) . The 
proof we present uses only the identity (16.941) and is in some respect similar to the proof of the 
star-star relation for elliptic Boltzmann weights given in iBaKS131l . 

The braid relation (16.841) for p^(w) , upon inserting 

r ~ ^ 

Pz(w) = / d/i(s)/C^(s) w(s), d/r(s) = (5(stot) JJdsi, (F.7) 

i=i 


(F.4) 

(F.5) 

(F.6) 
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can be rewritten as 


J rf/i(x) q i)i 2 +(o 1 n)ti) ^ 2 ^ 2 ) /C ^2 (ti - x) = (F. 8 ) 

j d/x(x) g-2(-,2(l-Q-l)ii+(Q-l-Q)t.) ^ ^ 2 ti) jC,, {t 2 - x) . (F.9) 


Above we used the notation (a, b) = J^fLi h and {fla)i = Oj+i, see below for the derivation 
of (IF81) from (16.841) . Next, set 


'Zl 






(F.IO) 


It follows from the cyclicity of /C^((t), manely JCzia) = 1Cz{Vta), that the identity (IF.81) is 
equivalent to 


■^zi,Z2{tl,t2) = £^Z2,zi{t2,^ ^h). 


As explained below one can show that 

'^^1,2:2 (^ 1 ; ^2) 


M 


dX JJ 

k=l 


^bj^Oik X^ g^*"^ i'V2—vi) 
^b(^fdk '^) 


(F.ll) 


(F.12) 


where 

a = 2fl(ri - T 2 ) + Vo , fd = 2(n - XIT 2 ) - vq . (F.13) 

and Vi = -^ log^i, Tq = ibta and vq = ;p(l, 1,..., 1). It is clear from the definition of a, 
fd that (IFl II) is equivalent to the fact that (IF. 121) is invariant if a, —jd. Id, —f2“^a and 

vi and V 2 are exchanged. This is manifest from recalling that Sb{x)sb{—x) = 1 and changing 
integration variable from A to —A. The calculations omitted in the derivation above are given in 
the following. 


From (16.841) to (IF.81) We start from the braid relation (16.841) and insert p^(w) as above. Next, 
reorder the non-commuting exponentials as follows 


Wl(Sl)W2(S2)Wl(S3) = g-«(*l>*2,S3)g(log(wi),Sl+.3) + (log(w2),.2) 

(F.14) 

W2(s'l) Wi(s2) W2 (s3) = Q g(log(w2), 

«'i+4) + d°g('"i)’^2) 

(F.15) 

where 



0 ^( 51 , 52 , 53 ) = 2 (s_, (fl — l)s 2 + (fl ^ — fl) 5+) , 

5l ± 53 

2 • 

(F.16) 

fd{si, 82 , 83 ) = 2 (s(_, (1 — 12 ^)s 2 + (12 ^ — 12 ) s()_), 

si ± 

2 • 

(F.17) 
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These relations follow from wi j W 2 j = wi^j, which in turns follows from the 

definitions below (16.821) . The next step is to take the ’’coefficient” of e 2 (ti,iogwi)+ 2 (t 2 ,iogw 2 ) 
set 

2s+ = 2fi = 82, = X = s'_ , S 2 = 2^2 = 2s'_^ . (F.18) 

The rewriting (IF.81) follows. □ 


Simplifying ^ 22 (^ 1 ) ^ 2 )* Set y = ib (Q, — l)x and Ta = ibta- The exponential in the 
definition of ^ 2 ) can be rewritten as 


q 


-2(3;,2(0-l)t2+(0-l-0)ti) ^ p2m{y,f) 


(F.19) 


where f = 2 Qt2 — (1 + fl)ri. Inserting the delta function in the from 5{ytoi) ^ J dX 
one then finds 


„ M 

= / dA JJ4(A), 

fc=i 


where 


j _ f 1 H{h,k+l ~ d ~ '^1 + Cfe) Sb(ffc,fc +1 + y -V 2 + CJ,) ^27riy(ffc+A) 

' Jm Sh{2fk,k+1 -V 1 -V 2 + Cb) 

where f = ti and Va = ^ log(^a). This integration can be done explicitly as 
[ dy Sb{u - y) Sb{v + y) ^ ^ 

Jr ^b{—w H 2 Cf,j 

which follows from (16.941) . We thus conclude that 

T /\\ _ A) ^TTi\(v2—vi) „ linear in r 


(F.20) 


(F.21) 


(F.22) 


(F.23) 


where a and /? are given in (IF 131) and the terms linear in r cancel out in the product over k. 


G Comparison with the literature 


In the case M = 2 closely related models have been studied in the literature by other tech¬ 
niques, see in particular [ |ByTl[[ByT3[ | and iBaMSIl . The purpose of this appendix is to clarify 
the relation between the representation theoretic constructions described in this paper and the 
objects constructed in [|ByTll|ByT3| and HBaMSI . 
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G.l Projection to the lattice-Sinh Gordon model I - Lax operators 


As a preparation for some of the following diseussions let us clarify the relation between the 


approach to the lattice Sinh-Gordon model described in |ByTl, ByT31 and the formalism used 
in this paper in some detail. 


Abstractly, one may define the lattice Sinh-Gordon model on the kinematical level by defining 
its ^-algebra of observables in terms of generators fk,k = l,..., 2 N and relations 


f2n /2 nil — (ff2n±l f2r, 


fkfk+i = fk+ifk for |/| > 1 


(G.l) 


The time evolution is represented by the automorphism r of 

. ^ .-1 + qfk-1 + qfk+1 

^ ^ ^ 1 + qK^fk-i 1 + 


(G.2) 


The generators fk represent initial values for the time-evolution r that are naturally associated 
with the vertices of the saw-blade contour C depicted in Figure [3Tj Equally natural appears to 
be the contour C related to C by means of a spacial translation with length ^ A. The half-shift 
defined by a^{fk) = fk+i alone is not an automorphism of ^sg- Let us instead introduce 
the related automorphism by 

5-5(/2n-l) = f2n, ^Hf2n) = /2n+l • (G-3) 


The lattice Sinh-Gordon model was defined in [ByTl | by means of the Lax matrix 


Lf («) = 


1^—nbs 
i ^ 


I sm 7r6^ e 


‘K,. - e- 


s.n 


i sin „ 


(G.4) 


This description is associated to the following representation of the algebra of observables, 


7r®°(/2n-l) = e 


_ ^ — ‘2'Khpri 


7r®°(/2n) = , 


(G.5) 


where x„ and p„ generate the usual Schrodinger representation of the Heisenberg-algebra 

[p„, Xm] = {2'Ki)-^5n,m on wavc-functions V>(x) = (x|i/>), x = {xi, ..., xn)- 

Another natural representation is obtained by composing 7r®° with the automorphism . It 
is naturally associated to the contour C. The operator Yoo with kernel 

N N 

(x'|Yoo|x) = Y[ = Yl (G.6) 

n=l n=l 

is easily seen to satisfy 


Pn ■ '^oo '^oo ■ (^n T ^n-|-l) y i^n T ^n-|-l) ' '^oo ^oo ' Pn-l-1 y (G.V) 
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which implies that Yoo implements the automorphism a 2 in the representation 7r®°. 

We are now going to explain how to associate natural representations of the algebra of observ¬ 
ables to these two contours. To this aim let us note that the monodromy matrix M(A) associated 
to C will be represented as 

M(A)- 4-(A/«:)L+_,(A«:)...Lj-(AA)L+(A^). (G.8) 

Considering the contour C leads to the definition of the monodromy matrix 

M(A)- L+(A^)Li_,(A/K)...L+(AK)Lr(AA). (G.9) 


In the first case it is natural to regard A) = as the Lax-matrix associated 

to parallel transport along one physical lattice site, and to compare it with L®°(A). To simplify 
notation we will temporarily restrict attention to a specific value of k, and drop the subscript k 
in the notations. The Lax-matrix £(A) can be represented as 


£„(A)=L,-„(A/.)Li_,(A.)= (:y 'AT- 


TV 2 . 


^ 2 n 


'2n-l 


^ 2 n-l 


= K 




+ A-^Aj iT,fr. 


• q ' n 


using the notations rj^ = i'J2n^2n'^2n-i'^2n-i)^^ ^ '^'^q = Kq ~ Q = sin 7 r 6 ^, and 
Fn = Bn ^ -f K ~^Bn ^ A„ = (v2nU2nU2n-lV2n-l) ^ , 


iTq En = B„ 2 


.-1 i 


Bn = (v2nU2nU2n-lV2n-l)" 


(G.IO) 


(G.ll) 


‘a„ + kA;‘)b:» 

There is a natural representation of the algebra Asa associated to this set-up, defined by setting 


f2n-i = 7r'^(/2n-i) := , f2n = 7r'"(/2n) := ^ B„+i . (G.12) 


This representation is reducible. One could project onto the eigenspaces of the the central ele¬ 
ments r]n. A convenient explicit description of the projection may be given in the representation 
where the operators (u^j^v^ ^(ufc)5 are diagonal with eigenvalues Let | f/s) be a delta- 
function normalized vector satisfying 


u^)2v/(ur; 

1 

|2 

1 yri ys ) 

= 1 Vr, ys ) , 


\ i —1 / ^ 

1 


Trbxt 1 \ 

\ Urf Vs \ 



1 f/r-) f/s ) 

= e Ayr,ys), 



S{y'r - yr)^{y's - Vs) ■ 


Let us furthermore use the shorthand notation 

N 

I y ) := ® I y2n, y2n-i ), y = {yi, • • •, y2N) ■ 

n=l 
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r]n is diagonal in this representation with eigenvalue projeetion 11 is then 

defined by simply setting y 2 n = y 2 n-i = Xn for n = 1,... ,N, whieh is equivalent to setting the 
eigenvalue of T]n to one. It is elear that 11 maps to TT®'^. The projeetion of /1(A) will eoineide 
with if the parameters are related respeetively as 

K = mA = X = -ie^^. (G.13) 

It is equally natural to regard Ck{X) = L^k+iiX/K)L 2 k{^K) as the Lax-matrix assoeiated to par¬ 
allel transport along one physieal lattiee site. This Lax-matrix ean be represented by a formula 
similar to (IG.IOI) . but with A„, B„ and rjn replaeed by A„, B„ and fjn, defined respeetively as 

A„ = ■ B"^ ■ , _ -1 -1 1 

= Vn = {y 2 n+ 1 ^ 2 n+A 2 n^ 2 n)^ , (G.14) 

Bn = C 5 . A„ ■ C5 , 

where is the operator representing the translation by one-half of a physieal lattiee site, satis¬ 
fying ■ On ■ = On+i for eaeh loeal observable On- There is another natural representation 

Tf''^ of the algebra AIsg assoeiated to this set-up, defined by replaeing in (IG.12I) the operators A„ 
and B„ by A„, B„, respeetively. The representation is naturally defined in sueh a way that the 
operators (ufc)^Vfc(ufc)^ are diagonal with eigenvalues for k = 1, ..., 2N, respeetively. 
The natural analog of the projeetion 11 will be denoted IT. 


G.2 Projection to the lattice Sinh-Gordon model II - Q-operators 


Let us reeall that the Q-operators have been defined as 

Q(A;/i,/i) : =Tr^o(r(];^jv(^/A)''(tiv-i(^/A)-"r(t^(A/A)''(J;^'(A//i)) (G.15) 

Our goal in this subseetion is to demonstrate that the projeetion of Q(A; y, y) to the physieal 
subspaee, denoted as Q(A; y, y) ean be represented in the form 

m) ■ Y^ , (G.16) 


where the operator Yoo has been defined above via (IG.6I) . and Y(/; m, m) is an integral operator 
with the kernel 


N 


>'1 Y(/;m,m) |x) = JJ 


(G.17) 


n=l 


The speeial funetion Vu{x) appearing in (IG.17I) is defined as 


VJx) : = 


Sb[x - f j 
Sfe(a;-t- f) ■ 


(G.18) 
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We may note that the projeetion of the Q-operator onto the physieal subspaee is equal to the 


operator Q_ eonstrueted in [ |ByTl |. 

In order to derive (IG.16I) . let us start from (IG.15I) . and insert the expressions (15.481) for r+“(A) 
and (15.511) for r++(A). It is useful to represent r++(A) as 


Gs (A) = ■ PrsPA(grJ 


(G.19) 


using the notation := u^v^. By moving all operators to the right one may represent 

Q(A; ft, /i) in the form 


2N 


/i; u) = /i; z/) ■ C 2 ■ JJ , 


(G.20) 


n=l 


where ^J = C ^ J^k, 

y{X;ft,fl) := Tr.^^ ^0,2N Px/p.{^0,2N^ &0,2 n) ^0,2N-1 Px/iiiSo,2N-l) ■ 

^ 0,2 Px/pi{^0,21^0,2) Pq,! PA//x(g(tl) 


■ C 2 . 


(G.21) 


The strategy will be to evaluate the matrix elements of the operator (y'|3^(/i,/x; z/)|y) in the 
representation introdueed in the previous subseetion. We elaim that 


|y) = 


(G.22) 


N 


^ ^ 2 iVg^((Z-m )2 + (/-m) 2 ) 




71 = 1 


where Xn = \{y 2 n + y 2 n-i)- The funetion Vw{x) is the Fourier-transformation of Vw{x), whieh 
may be expressed as 


K(x) := [ dye^^^^yVuix) = 


/ , N > Cb := -{b + b ^). 

Sb{u + Cb) 2 


(G.23) 


In order to prove (IG.22L let us insert the identity operator in the form J dyr | ) (|/r | in front of 

eaeh operator Pr,o in (IG.21I) . and let us furthermore insert id = / 11^=1 (^y'k 11/fc ) ( y'k I 
of C“5. This produees an integral representation for the matrix element on the left hand side of 
(IG.22I) . The building bloeks of the integrand are 


: y'r^ y's I Pr. \yr^ys) Wr -ys)^i.y's- Vr) ) 

' y'r, y's I Pr. Pe-b^i&ts) I 1 /r, I/. ) = ^(Ks + ^^sW-wiy'rs “ 1/rJ , 

[y'r^y's I Pr.Pe-6-(fr^>grJ I 2/. ) = <^(2/r “ 2/J<5(2/' - V-^{x^,) c" 


(G.24a) 

(G.24b) 

(G.24e) 
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Figure 2: Diagrammatic representations for the kernels defined in equations (IG.24al) . (IG.24bl) 
and (IG.24cl) . respectively. The labels correspond to the variables appearing in the formulae 

(10241) . 

where 

x'rs = Wr + y's)^ Z'rs = y'r - y's^ 

^rs 2iyr ys)i ^rs Ur Us- 

Equation (IG.24bl) follows easily from the identity 

( x' I F(p) I X) = F{x' - x ), F{x) := [ dy F{y) , (G.25) 

Jr 


where x, p satisfy [p, x] = l/27ri, while | x) and ( x' | are eigenveetors of x with eigenvalues x 
and x', respeetively. The delta-distributions allow us to earry out all the appearing integrations. 
In order to keep traek of the resulting identifieations of variables it may be helpful to use the 
diagrammatie representations of the building bloeks (IG.24I) and of the matrix element (IG.22I) 
given in Figured 

Let Y(A; fi, p) be the projeetion of 3^(A, p, p) onto the physieal subspaee defined by setting all 
Zn to zero. It easily follows from (IG.22I) that Y(A; p, p) ean be represented as integral operator 
with the matrix elements (IG.17I) . 

The operator J^oo satisfies the relations 


y-^ 

oo 

y-^ 

oo 


^2n—l ' y oo ^2n ! 
^2n ^oo ^2n+l ) 


3^ J -Vn-yoo = Vn 


(G.26) 


This means that 3^oo intertwines the representations and respeetively. It follows easily 
that the projeetion of 3^oo onto the physieal subspaee ean be identified with the operator denoted 
Yoo, in the sense that 11 ■ yoo = ^oo ■ n. 
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G.3 Comparison with alternative definitions of the Baxter Q-operator 


A Baxter Q-operator was constructed in |ByTl | in such a way that it satisfies a Baxter- 

equation of the form 

— ib) + + ih). (G.27) 

The coefficient functions and (P'^{u) on the right hand sider of (IG.27I) are given explicitly 


as 


(m) = cP'^{—u) = e [cosh(7r6(M — s — |&))]^ • 


(G.28) 


The operator constructed in [ |ByTl| can be represented as the product = Y(m) -Z, 

with Y {u) and Z being represented by the kernels 


N 


(x' I Y(m) I x) = Vu-s-Cb{Xr + 2:^+1) V-u-s-ctiK - ^r) , 


r=l 


N 


(G.29) 


( x' I Z I X ) = V-2s{Xr - Xr) • 


r=l 


Our aim is to compare with the Q-operators obtained from the universal R-matrix within 

the formalism developed in this paper. Using formulae (15.511) and (15.481) . and following the 
discussion given in Sections lOl and [6^ it is straightforward to find 

+ x'^) Vm-lix'^ - X^) (G.30) 

X - xl) + x^), 


where Vu{x) was defined in (IG.23I) . It follows that the fundamental transfer matrix has the 
kernel 

X dyi... dyN JJ Vm-iiyr+i + x'^) Vm-i{x'^ - V^_i{yr - Xr) V^_i{yr + x^+i). 

7 r=l 

Setting I = mm (IG.31I) . for example, one gets Q(A; /i, y) := T (/x, A; y, y) with kernel 

{ x' I | x) = x (G.32) 

X dyi... dyN JJ V^_i{yr+1 + <) - Vr) V^_rn{yr+1 - Xr) ■ 

7 r=l 

This expression can now easily be compared with the formulae for the kernel of the lattice- 


Sinh-Gordon Q-operator Q^'^{u) constructed in JByTl| |. We have 

= Q(AC;P.A‘) = + (G,33) 
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if the parameters are related respeetively as 


/i = e 


^Trbm 


= K = mA = e 


Trbs 


c = = ie 


^7rbm 


.-1 


^—nbs 


—Trbu 


ji = e = K ^ = (mA) = e 

It follows from (IG.27I) that Q(() satisfies a Baxter-type equation of the form 

T-(gk)Q-(C) = a^^(0Q^°(q-^0 + d^^(0Q^°(q0, 


(G.34) 


(G.35) 


where 

a^"(C) = q-^((/K)-^(l - - k^CY , d^Y) = q-^(YY ■ (G.36) 

The Baxter equation (IG.35I) eoineides with the equation derived using the representation theory 
of quantum affine algebras in the main text. 


G.4 Connection with the Faddeev-Volkov model 


We are now going to show how the l-i-l-dimensional lattiee model studied in this paper is 
related to the two-dimensional model of statistieal meehanies ealled Faddeev-Volkov model, 
defined and studied in IBaMSI . To this aim it will be useful to introduee the Boltzmann weights 
Wu{x) related to the speeial funetion Du{x) by multiplieation with a w-dependent faetor, 


Wu(x) := E(u) K(x), 

where S(m) := and $(m) is defined as 


^—2itx 


log$(u) := [ — -. 

' 8t sinh(6f) sinh(6“if) cosh((6-I- 


M-l-iO 


(G.37) 


(G.38) 


The speeial funetion $(m) satisfies the funetional equations 

E{u + Cb)S(M - Cb) = {wb{u)Y , S(m)S(-m) = 1. (G.39) 

Together with (IG.23I) one finds that Wu{x) is self-dual under Fourier-transformation in the sense 


that 

Wu{x) := j dye‘^^^^yWu{x) = iy_„_2c,(x). (G.40) 

Other useful properties noted in HBaMSI are 

Wo{x) = l, Wo{x-y) = 6{x-y). (G.41) 

Let us denote the operator obtained from T by the replaeement Vu{x) Wu{x) and Vu{x) 
WY) by T'. 
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It then follows easily from our formula (IG.31I) above that for even number of lattiee sites one 
may identify the kernels representing produets of fundamental transfer matriees 


^Ww;s(Xiv+o Xq) := (x^+i I ^m) ''' Vs{w^, W^) I Xo ) , (G.42) 

where f2odd = Il^Li we are using the notations w = (wi ,... ,wm),^ = {wi,... ,ium) 

and s = (si,..., Sat). Let us temporarily restriet attention to the ease that N is even. It is easy 
to see that 


rjiSG 

^ w,w;s 


^7V+l5 


Xq) 


■^w,w;s(XiV+l, Xg) 


(G.43) 


where xq) is the partition funetion of the Faddeev-Volkov model on a reetangular 

lattiee whieh may be explieitly represented as 

„ TV M 


IY 


TV+1) "^0 


Xn : = 


n n (c+i -vn^') - o (g.44) 

n=l m=l _ 

X W^^-sAVn - C) - C+l') • 


Note that the range of values of the parameters eonsidered in HBaMSl (motivated by positivity 
of the Boltzmann weights) eorresponds to imaginary values of u, u' and s. 
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